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Abstract

A semigroup S is said to be ℓ-threshold k-testable if it satisfies all iden-
tities u = v where u,v is an arbitrary pair of words over a finite alphabet
Σ such that they simultaneously belong or fail to belong to any ℓ-threshold
k-testable (regular) language. We give an asymptotic formula for the free
spectrum of the variety Tk,ℓ of all ℓ-threshold k-testable semigroups, thereby
providing an asymptotic upper bound on the size of an arbitrary finitely gen-
erated locally threshold testable semigroup. The combinatorial interpretation
of this task yields an enumeration problem for particular edge labellings of de
Bruijn graphs.

1 Introduction

For an alphabet Σ, let Σ+ denote the free semigroup on Σ, consisting of all nonempty
words (finite sequences) over Σ. An equivalence relation ρ on Σ+ is said to saturate
the language L ⊆ Σ+ if L is a union of some ρ-classes; equivalently, L =

∪
w∈Lw/ρ.

Now for k ≥ 2, ℓ ≥ 1 consider the equivalence ρk,ℓ defined so that (u,v) ∈ ρk,ℓ if
and only if either u = v, or |u|, |v| ≥ k and the following conditions hold:

(1) the prefixes of u and v of length k − 1 coincide;

(2) the suffixes of u and v of length k − 1 coincide;

(3) for any 1 ≤ j ≤ ℓ the sets of factors (subwords consisting of consecutive
letters) of length k occurring at least j times in u and v, respectively, coincide.

Clearly, the latter condition can be replaced by

(3’) for any word w of length k the numbers of occurrences of w as a factor in u
and v either coincide or are both greater than ℓ− 1.
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A language L is said to be ℓ-threshold k-testable if it is saturated by ρk,ℓ. A language
is locally threshold testable if it is ℓ-threshold k-testable for some k, ℓ.

Locally threshold testable languages were introduced by Beauquier and Pin
[3]. Today they have a variety of applications, for example in pattern recognition,
speech recognition, natural language modelling, etc., see [14, 19]. Their algebraic
and automata-theoretic properties were studied by Trahtman [16, 17, 18]. For ℓ = 1
they reduce to a quite familiar notion in formal language theory, locally testable
languages, see [4, 12].

Motivated by these definitions, a semigroup S is said to be ℓ-threshold k-testable
[17, 18] if it satisfies all semigroup identities u = v such that (u,v) ∈ ρk,ℓ; similarly
as above, S is locally threshold testable if it is ℓ-threshold k-testable for some k, ℓ.
Since the class Tk,ℓ of all ℓ-threshold k-testable semigroups is defined by identities,
it forms a variety in the sense of universal algebra [5]. Also, finite semigroups
from Tk,ℓ arise as syntactic semigroups [13] of ℓ-threshold k-testable languages. A
(nontrivial) equational axiomatisation of Tk,ℓ was given in [17].

A variety V of semigroups (and, more generally, of algebras) is locally finite if
each finitely generated member of V is finite. An equivalent way of saying this
is that the free spectrum [10] of V, the sequence fn(V) = |Fn(V)| of cardinalities
of n-generated free objects of V, consists entirely of finite numbers. In this short
note we supply an asymptotic estimation of the free spectrum of Tk,ℓ (showing, in
passing, that it is locally finite).

Theorem 1.1. We have

fn(Tk,ℓ) ∼ n2(k−1)(ℓ+ 1)n
k

as n → ∞.

The previous asymptotic formula was proved for the case ℓ = 1 (that is, for
locally testable semigroup varieties) in an earlier contribution [8] by the author,
which was in turn a generalisation of the particular case k = 2 (the variety of
2-testable semigroups) computed in [11].

The interest in obtaining such an asymptotic formula is at least two-fold. First
of all, if L is an ℓ-threshold k-testable language over an n-element alphabet Xn

whose syntactic semigroup is S then the syntactic morphism φ : X+
n → S (such

that L = φ−1(P ) for an appropriate subset P ⊆ S) factorises through the natural
homomorphism X+

n → Fn(V); thus the above theorem provides a rough upper
bound on the size of S and so of the number of states of a DFA needed to accept L
(the construction of which is a task with a number of practical applications). And
secondly, it is valuable to the (algebraic) theory of free spectra of semigroups and
monoids, since it provides yet another class of semigroups (and semigroup varieties)
whose free spectra are small, which means that log fn(V) ∈ O(nc) for some c ≥ 0.
This is particularly interesting in the light of the currently principal driving force
in this theory, the Seif Conjecture [15], which attempts to demarcate between small
and log-exponential free spectra of finitely generated monoid varieties.

2



Even though the topic of free spectra of varieties has a very definite general-
algebraic appearance, it is often the case with problems related to this topic that
universal algebra is just a guise concealing their truly combinatorial nature, with
some known structures from discrete mathematics popping up during the analysis
that leads to the required computations. This will be no different in this note
as well. Therefore, in the next section we review some necessary notions from
(di)graph theory (see [2] for a standard background) and establish a connection to
the initial formulation of the sequence fn(Tk,ℓ) we aim to estimate. The proof of
Theorem 1.1 in this new combinatorial setting is deferred to Sect. 3.

2 De Bruijn graphs and their ℓ-labellings

In this paper a directed graph (or digraph) is just a structure (V,E) such that
E ⊆ V × V ; in other words, we allow loops and edges in both directions between
vertices. An edge e = (u, v), u, v ∈ V , is written uv for brevity. A walk is a
sequence of edges e1 . . . em ∈ E+ such that for each 1 ≤ i < m, if ei = uivi and
ei+1 = ui+1vi+1 then vi = ui+1; that is, consecutive edges in the sequence are
adjacent. A walk is closed if its initial and final vertices coincide. The fact that
the considered walk (or path) starts at vertex u and ends at v will be denoted by
u v.

For ℓ ≥ 1 let N∞
ℓ = {0, . . . , ℓ−1}∪{∞}, where ∞ is just a symbol not belonging

to the set N of natural numbers. An ℓ-labelling of a digraph D = (V,E) is a
colouring of its edges in ℓ + 1 colours, that is a function λ : E → N∞

ℓ . Given an

ℓ-labelling λ of D, by D(λ)
∞ we denote the digraph (V,E′) that is obtained from D

by retaining all the edges e such that λ(e) = ∞ and deleting all the others (and
keeping the same set of vertices). Also, a walk e1 . . . em ∈ E+ in D is said to be a
covering walk for λ if the following two conditions hold for an arbitrary edge e ∈ E:

(a) if λ(e) = j < ℓ then e occurs in the sequence e1 . . . em precisely j times;

(b) if λ(e) = ∞ then e occurs in the sequence e1 . . . em at least ℓ times.

In other words, the labelling λ happens to record the number of occurrences of each
edge of D in the considered walk whenever that number is < ℓ, and outputs ∞ if
an edge occurs in the walk ≥ ℓ times.

It is easy to check that given an n-element alphabet Xn, the equivalence ρk,ℓ
on the free semigroup X+

n is in fact a semigroup congruence and, moreover, a fully
invariant one, which means that it is stable under substitutions. By elementary
universal-algebraic results (cf. [5, Lemma II.14.7]) we now have the following con-
nection.

Lemma 2.1. X+
n /ρk,ℓ is isomorphic to the free object of Tk,ℓ freely generated by

Xn (i.e. by the copy of Xn consisting of one-letter words).

Therefore, fn(Tk,ℓ) is simply |X+
n /ρk,ℓ|, the index of the relation ρk,ℓ in X+

n .
The aim of computing such an index motivates to consider the following sequence
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of well-known digraphs, called de Bruijn (di)graphs [2, 6, 7, 9] B(n, r), n, r ≥ 1.
The vertex set of B(n, r) is Xr

n, the set of all words over Xn of length r. For
u,v ∈ Xr

n, there is an edge from u to v if and only if there is a word w ∈ X+
n

with |w| = r + 1 whose prefix of length r is u, while its suffix of length r is v; in
other words, the suffix of u of length r − 1 coincides with the prefix of v of the
same length, u = xy1 . . . yr−1, v = y1 . . . yr−1z (for some x, y1, . . . , yr−1, z ∈ Xn).
Clearly, B(n, 1) is the complete digraph on n vertices, while B(n, r + 1) is the line
digraph of B(n, r) for all r ≥ 1.

Lemma 2.2. Let n, ℓ ≥ 1 and k ≥ 2. There is a bijection between the set of ρk,ℓ-
classes on X+

n containing words of length ≥ k and the set of all triples (u,v, λ),
where u,v ∈ Xk−1

n and λ is an ℓ-labelling of B(n, k− 1) possessing a covering walk
u v.

Proof. Define a mapping φ which assigns tow/ρk,ℓ (for a wordw such that |w| ≥ k)
the triple (u,v, λ), where u is the prefix of w of length k− 1, v is the suffix of w of
length k − 1, while for an edge e directed from u = xy1 . . . yr−1 to v = y1 . . . yr−1z
we set λ(e) = j (j ≥ 0) if xy1 . . . yr−1z appears in w as a factor j < ℓ times, and
otherwise (if it appears at least ℓ times in w) we define λ(e) = ∞. By the very
definition of the relation ρk,ℓ we have w/ρk,ℓ = w′/ρk,ℓ if and only if φ(w/ρk,ℓ) =
φ(w′/ρk,ℓ); this shows that φ is both well-defined and injective.

It remains to see that φ is surjective. Indeed, let e1 . . . em be a covering walk
u  v for λ. Then there are words u1, . . . ,um−1 over Xn, all of length k − 1,
such that e1 = uu1, ei = ui−1ui for all 1 < i < m, and em = um−1v. Let x(i)

be the rightmost letter of ui, and let x′ be the rightmost letter of v. Then upon
defining w0 = ux(1) . . . x(m−1)x′ it is straightforward to show that φ(w0/ρk,ℓ) =
(u,v, λ).

Thus we instantly obtain the following upper bound.

Lemma 2.3.

fn(Tk,ℓ) ≤ n2(k−1)(ℓ+ 1)n
k
+

nk − n

n− 1
.

Proof. The second term on the right-hand side represents the number of all non-
empty words over Xn of length at most k − 1. On the other hand, by the previous
lemma to each element of Fn(Tk,ℓ) ∼= X+

n /ρk,ℓ represented by a word of length ≥ k
uniquely corresponds a triple (u,v, λ) consisting of two vertices u,v of B(n, k − 1)
and an ℓ-labelling λ of its edges with a covering walk u  v. There are (nk−1)2

ways to choose the pair (u,v), while (ℓ+1)n
k
is the total number of all ℓ-labellings

of the edges of B(n, k − 1), so the inequality follows immediately.

Therefore, to prove Theorem 1.1 it suffices to exhibit a lower bound on the
number of triples indicated in Lemma 2.2 that is asymptotically equivalent to
n2(k−1)(ℓ + 1)n

k
as n → ∞. This is the form of our main result that we are

going to prove in the next section.
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3 Proof of Theorem 1.1

In the following, we restrict our attention only to those ℓ-labellings λ of B(n, k− 1)
that have a closed covering walk including all of its vertices; later we will argue
that these suffice to attain the required lower bound. In fact, our aim will be to
show that a random ℓ-labelling of a de Bruijn graph has a walk with the desired
properties with high probability [1] as n → ∞. To this end, the following sufficient
condition comes handy.

Lemma 3.1. For ℓ ≥ 1, let λ be an ℓ-labelling of edges of a digraph D = (V,E) such

that D(λ)
∞ is strongly connected. Then λ has a closed covering walk that includes all

the vertices of D.

Proof. By the given conditions, D(λ)
∞ does not have isolated vertices, so any covering

walk of λ must include all the vertices of D (as it must traverse each edge of D(λ)
∞

at least ℓ times). Now we describe a covering walk for λ. Let u1 be an arbitrary
vertex of D and let

e1 = u1v1, . . . , ei = uivi, . . . , eM

be an enumeration of the edges e of D such that λ(e) > 0. Let E∞ be the set of

edges of D(λ)
∞ . Since the latter digraph is strongly connected by assumption, for any

1 ≤ i ≤ M there is a word Ui ∈ E+
∞ representing a path vi  ui in D(λ)

∞ . Similarly,

for each 1 ≤ i < M there is a word Wi ∈ E+
∞ representing a path vi  ui+1 in D(λ)

∞ ,
and also a word WM representing a path vM  u1.

Now let the function λ′ : E → {0, 1, . . . , ℓ− 1, ℓ} be defined by

λ′(e) =

{
λ(e) if λ(e) ̸= ∞,

ℓ if λ(e) = ∞,

and consider the following word from E+:

M∏
i=1

(eiUi)
λ′(ei)−1eiWi.

We claim that this word represents a (closed) covering walk for λ. Indeed, the walk
represented by eiUi is a cycle that traverses ei = uivi and then returns from vi to ui
only along edges e such that λ(e) = ∞. This cycle is traversed λ′(ei)− 1 times and

then ei is traversed for the λ′(ei)th time, followed by a path along the edges of D(λ)
∞

from vi to the starting vertex ui+1 of ei+1 (or back to u1 if i = M). This ensures
that each edge f such that 0 < λ(f) ≤ ℓ − 1 is traversed precisely λ′(f) = λ(f)
times, while each edge e with λ(e) = ∞ is traversed at least λ′(e) = ℓ times, just
as wanted. The walk is closed because it both starts and ends at u1.

So, to obtain a closed walk with the required properties, it suffices to have the

‘backbone’ D(λ)
∞ (of a labelling λ of D) strongly connected. We now show that

this is an almost sure event for a (reasonable) random labelling in case when D is
B(n, k − 1).
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Proposition 3.2. Let λ be a random ℓ-labelling (ℓ ≥ 1) of the edges of the de
Bruijn graph B(n, k − 1) (with an arbitrary distribution for the labels such that the

probability of assigning the label ∞ to an edge is p > 0). Then B(n, k − 1)
(λ)
∞ is

strongly connected with high probability as n → ∞.

Before we take on proving this proposition, we summarise several known facts
and notions (discussed in [8]) we need in the following proof. A cut in a digraph
D = (V,G) is a partition (S, V \ S) of its vertex set such that S ̸∈ {∅, V }. The
edge boundary ∂S with respect to this cut is the set of all edges of D crossing the
cut from S to V \S, that is, of all edges e = uv such that u ∈ S, v ̸∈ S. If P1/2(V )
denotes the set of all subsets S of V such that |S| ≤ |V |/2, then the isoperimetric
number of D is defined by

i(D) = min
S∈P1/2(V )

|∂S|
|S|

.

The isoperimetric number of a (di)graph is a spectral index, meaning that it is
closely related to the eigenvalues of the (di)graph in question. The paper of Delorme
and Tillich [7] provides a lower bound on the isoperimetric number of de Bruijn
digraphs (in fact, [7] considers the undirected version of de Bruijn graphs, but the
directed case is easy to derive from this, see [8]). Their result is the following
inequality:

i(B(n, r)) ≥ n

4(r − 1)
,

holding for r ≥ 2.
Therefore, if k ≥ 3 and S ∈ P1/2(Vn,k−1), where Vn,k−1 is the vertex set of the

de Bruijn digraph B(n, k − 1), then

|∂S| ≥ n|S|
4(k − 2)

.

On the other hand, B(n, 1) is the complete digraph on n vertices (the vertex set is
Xn), so it trivially holds that

|∂S| ≥ |S| · |Xn \ S| ≥ n|S|
2

.

Hence, we have just proved the following assertion.

Lemma 3.3. Let S be an arbitrary subset of the vertex set of B(n, k − 1), k ≥ 2,
containing at most nk−1/2 words. Then there exists a positive number C (depending
only on k but not on n and S) such that

|∂S| ≥ Cn|S|

holds.
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Proof of Proposition 3.2. Let Pn,k,ℓ denote the probability that a random ℓ-labelling
λ of B(n, k − 1) (with the probability distribution on assigning labels to edges as

specified in the formulation of the proposition) has the property that B(n, k−1)
(λ)
∞ is

strongly connected. If the latter is not the case then there exists a cut (S, Vn,k−1\S)
crossed by no edge e such that λ(e) = ∞; in other words, all edges crossing the
considered cut have a finite λ-label. For this particular cut, the probability of such
an event is P (S) = (1− p)|∂S|. If |S| ≤ nk−1/2 a lower bound for |∂S| is provided
by Lemma 3.3; otherwise, if |S| > nk−1/2, since any de Bruijn digraph is Eulerian
(the out-degree and the in-degree coincide at any vertex), we must have |∂S| = |∂S|
(where S = Vn,k−1 \ S), so Lemma 3.3 applies again. As 1− p < 1, we thus have

P (S) ≤ (1− p)Cnµ(S)

for some C > 0, where µ(S) = min{|S|, nk−1 − |S|}.
It is now clear that

1− Pn,k,ℓ ≤
∑
S

P (S),

where the sum S on the right-hand side ranges over all cuts of B(n, k − 1). By
denoting s = |S| and µ(s) = min{s, nk−1 − s}, we obtain

S ≤
nk−1−1∑
s=1

(
nk−1

s

)
(1− p)Cnµ(s) =

nk−1−1∑
s=1

(
nk−1

µ(s)

)
(1− p)Cnµ(s) ≤

≤ 2

⌊
nk−1+1

2

⌋
∑
s=1

(
nk−1

s

)
(1− p)Cns ≤ 2

nk−1∑
s=1

(
nk−1

s

)
(1− p)Cns =

= 2
[
(1 + (1− p)Cn)n

k−1 − 1
]
.

Write α = (1− p)−C > 1. Since the sequence αn grows asymptotically faster than
nk, it follows that

0 ≤ lim
n→∞

((1 + α−n)n
k−1 − 1) ≤ lim

n→∞
((1 + n−k)n

k−1 − 1) =

= lim
n→∞

((1 + 1

nk

)nk
)1/n

− 1

 = lim
n→∞

(e1/n − 1) = 0.

Hence, S → 0 as n → ∞, proving that limn→∞ Pn,k,ℓ = 1, just as wanted.

An immediate consequence is the following.

Corollary 3.4. Let Λn,k,ℓ be the number of all ℓ-labellings of B(n, k − 1) with the

property that B(n, k−1)
(λ)
∞ is strongly connected. Then Λn,k,ℓ ∼ (ℓ+1)n

k
as n → ∞.

It remains to ‘exploit’ the existence of a large closed covering walk of a labelling
to produce sufficiently many triples of the form described in Lemma 2.2.
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Lemma 3.5. Let λ be an ℓ-labelling of B(n, k−1) such that B(n, k−1)
(λ)
∞ is strongly

connected (having, consequently, a closed covering walk that includes all the vertices
of B(n, k − 1)). Then for each u,v ∈ Xk−1

n there is a covering walk u v for λ.

Proof. Let e1 . . . eK be a closed covering walk for λ visiting all the vertices of the
digraph B(n, k − 1). The edges in this walk can be cyclically permuted so that
the closed walk w = ei0 . . . eKe1 . . . ei0−1 starts and ends at u. On the other hand,

since B(n, k − 1)
(λ)
∞ is strongly connected, there is a walk u v along the edges e

satisfying λ(e) = ∞ represented by a word w′ ∈ E+
∞. Now it is straightforward to

see that the walk represented by the word ww′ has the required properties.

Proof of Theorem 1.1. By the previous lemma, for each ℓ-labelling λ of B(n, k− 1)

such that B(n, k − 1)
(λ)
∞ is strongly connected there are at least |Xk−1

n |2 = n2(k−1)

covering walks for λ such that for any two of them either their initial vertices are
different, or their final vertices are different. By Lemma 2.2, these walks give rise to
a set of n2(k−1) words lying in different ρk,ℓ-classes. The combined effect of Lemmas
2.2 and 3.1 is that the inequality

fn(Tk,ℓ) ≥ n2(k−1)Λn,k,ℓ

holds, where Λn,k,ℓ has the same meaning as in Corollary 3.4. It is this corollary
that supplies the desired lower bound for fn(Tk,ℓ), which, along with the inequality
contained in Lemma 2.3, proves the theorem.
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