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Abstract

For a finite Cliford inverse algebrd, with natural order meet-semilatticé& and group of unitsGa,
we show that the inverse monoid obtained as the semidirect prygugtGa has a log-polynomial free
spectrum whenever is a term-expressible left action &, on Y, and all subgroups oA are nilpotent.
This yields a number of examples of finite inverse monoids satisfying the Seif conjeatfinite monoids
whose free spectra are not doubly exponential.
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1. Introduction

Let V be a locally finite variety (in the sense of universal algeld. [ The free
spectrum[9] of V, fy(V), is the sequence consisting of the cardinalities ofnits
generated free algebras. In particularAifis a finite algebra, the free spectrum of
Ais simply the free spectrum of the variéyA) it generates. The free spectrum is an
important invariant of an algebra generating a locally finiteatgrthat is intimately
related to a range of its structural properties. One of the mosestiag properties in
this regard is the rate of growth &§(V), that is, its asymptotic behavior. We say that
a variety’V hasat least a doubly exponentifilee spectrum if there is a real number
¢ > 0 such that

fo(V) > 22"

holds for largen. This is precisely as far as finitely generated varieties carsigoe
elementary universal-algebraic arguments imply that for a fialigebraA we have
fa(A) < |AM". A strikingly different behavior of a free spectrum is encountered when
(V) is log-polynomia) which means that lof,(V) is bounded above by a polynomial
function inn (where ‘log’ refers to the base-2 logarithm).

The fact that a finite algebra has a doubly exponential free mpacindicates
that it is suficiently close to being functionally complete, since it hasch dlone of
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ternypolynomial operations. For example, the free spectrum of thetyaof Boolean
algebras is precisely?2 and even the two-element lattice (generating the variety of
distributive lattices) has a doubly exponential free spectrline same is true for any
non-nilpotent finite group40]. The results of ] and [11, Chapter 12] &er several
universal-algebraic generalisations of these classical sesOlh the other hand, if a
finite groupG is nilpotent of class, then logf,(G) belongs to the asymptotic class
O(n°) (see Higman10] and NeumannZ0]).

One of the most important discoveries concerning free spectra vea ray
Kearnes 6], who observed that the asymptotic behavior of a finite gendgalbaa
A is a great deal governed by the free spectrum of a naturally assdaianoid
Tw(A), called thetwin monoid This provided a significant boost for the investigation
of free spectra of finite monoids and semigroups, and, in particidafinding the
watershed between log-polynomial and doubly exponentias ¢aed determining if
there is anything in between). A pioneering paper in this veia rgaently written by
Seif [24], who conjectured that a finite monolM doesnot have a doubly exponential
free spectrum if and only iM has only nilpotent subgroups and belongs to a certain
pseudovariety (a class of finite monoids closed under takimgadmaorphic images,
submonoids and finite direct products) callEBA, which is, incidentally, a well-
studied object in finite semigroup theory. (Namely, the pseadeiy DA comprises
of finite monoids all of whose regula?-classes are rectangular bands, and a finite
monoid belongs t&DA if and only if its idempotent generated submonoid belongs
to DA.) Seif himself proved the forward implication of his conjectunel aerified its
converse for monoids obtained by adjoining an identity elerea finite Rees matrix
(that is, completely 0-simple) semigroup. Subsequently, thkaa in [5] confirmed
the Seif conjecture for completely regular monoids (monoidsdha unions of their
subgroups): more generally, a completely regular semigroup hdslag-exponential
(in fact, a log-polynomial) free spectrum if and only if it is lolyabrthodox and all
of its subgroups are nilpotent. Also, all monoids¥ are shown in T] to have a
log-polynomial free spectrum. Some other related results comzefreée spectra of
semigroups may be found, for example,n§, 14, 15].

The next important particular instance of the Seif conjecturand, in a sense, a
real ‘test case’ for it — concerrisversemonoids [L8]. Namely, since the idempotents
of any inverse semigroup form a semilattice under multiplicatiall finite inverse
monoids belong t&EDA. Therefore, a verification of the conjecture in the inverse
case would consist of proving that each finite inverse monail milpotent subgroups
has a free spectrum that is not doubly exponential (perhaps egepolgnomial). At
the present state of knowledge on finitely generated inverseyeaup varieties, this
appears to be a distant goal. Yet, in this note we present a agdoroad class
of finite inverse monoids with log-polynomial free spectra. THagerse monoids are
obtained from the so-callg€lifford) inverse algebrasxtensively studied by Leech in
[19); loosely speaking, an inverse algebra arises whenever theahpéutial order that
can be defined on any inverse monoid turns out to be a meet-sirilatder, which
results in a semiring-like algebraic structure. So, we take thislattice component
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of a Clifford inverse algebr& (see Subsec®.3 below) and construct its semidirect
product byGa, the group of units oA, with respect to a (term-definable) left action
of this group to the meet-semilattice redigtof A; we argue (in Theorerf.7 below,

our main result) that any such semidirect product—and thus mrerse semigroup
belonging to the variety it generates—has a free spectrum whgagtlum is bounded
above by a polynomial. We exhibit few examples of finite inveremoids which are
covered by this construction. In particular, we will recover aypomial upper bound
for log f,(B}), whereBj is the six-element Brandt monoid, which presented the main
obstacle in 24] in obtaining log-polynomial upper bounds for monoids ob¢aiifirom
finite completely 0-simple semigroups over nilpotent groups.

2. Preliminaries and formulation of the main result

2.1. Inversesemigroups. A semigroupS is (von Neumann) reguldf for eacha € S
there is arx € S such thaaxa= a. If, in addition,xax= X, thenxis called arinverse

of a. A regular semigroup igwverseif its idempotent elements commute (and so they
form a semilattice); it is not diicult to see that an equivalent condition is that every
element has a unique inverse (we refer16] [for further background in general and
inverse semigroup theory). It is this latter definition thfiecs the possibility to define
inverse semigroups as an equational class in the extendedgignwhich, beyond the
binary multiplication symbol, contains a unary symbbl The associative law and the
identities

xy)tryIxt (xHrax xxixaxx  xxlyylayyixx?t

ensure thaa™! is always the unique inverse af An inverse monoids an inverse
semigroup that possesses an identity element; by addingistant symbol 1 and the
identitiesxl ~ 1x ~ x and I'! ~ 1 we establish that inverse monoids form a variety,
too.

On the other hand, inverse semigroups (or monoids) in the signabnsisting
only of the binary symbol (and, perhaps, the constant 1) do not &ok@riety, and
so if S is an inverse semigroymonoid, the variety generated by it may well contain
non-inverse semigroups. Therefore, the varieties generated byenseénmonoid in
the monoid signature and in the extended signature #ierelnt, as well as their free
objects and, consequently, free spectra. Nevertheless, theestriang connection.

Lemma 2.1. Let S be an inverse monoid generating a locally finite monaikty, and
let f, and f; be its free spectra when considered as a plain monoid and asvanse
monoid with the unary inverse operation, respectively.nThe< f; < fu holds for
alln>1.

Proor. Itis well-known in universal algebra that the standard model@htgenerated
free algebra in the variety generated Ayconsists of all term operations & over
a fixed set ofn variables. Hencef,(A) coincides with the number af-ary term
operations ofA. Since the term operations of the plain mon8i@re just operations
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induced by (possibly empty) words, any such operation is at @dhgestime a term
operation ofS considered as an inverse monoid; therefdses f,.

On the other hand, the identitiegy{™* ~ yIx! and 1) ~ x imply that
any term operation of the inverse mon@dover ann-element set of variableX, =
{X1, ..., X} is equivalent to the operation induced by a war, . . ., .. X%, ..., x31)
over the ‘doubled’ alphabeX, U X;1. In fact, the latter word can be considered as
a substitution instance of a plain wovd over a 2-element alphabet, obtained by
replacing each occurrence gf* by a new letter, say;. Then, clearly, if the inverse
monoid identityu(xy, ..., Xa, X1, ... XY & V(X ... X0 XL X0 1) fails in S, so
does the plain monoid identity ~ v. This shows thaf; < fa,. O

The previous lemma shows that there is no harm in considerindnalinverse
monoids in the remainder of this paper to be algebras of the f&m, 1) of the
type (2 1,0) and to identify their free spectra with the number of operatindaced
on S by inverse monoid words.

2.2. Semidirect product of a semilattice by a group. A theoretically very impor-
tant construction of inverse semigroups is that séaidirect producof a semilattice

by a group. Namely, leY be a meet-semilattice monoid, whose binary operation is
denoted bya, considered as an inverse monoid (the unary operatias just the
identity mapping). Furthermore, I& be a group acting by automorphisms 6nwe
write this (left) action ap : (g,a) — g- @, wherea € Y, g € G. In effect, we have a
homomorphisnp : G — Aut(Y). The semidirect product of by G with respect tep

is the inverse monoid =, G defined onY x G by

(@.9)B.h =(erg-B.gh and @0 =" a9

forall @,8 € Y, g,h € G. The significance of this construction is underlined by
the following basic result in the theory of inverse semigroupgneyfinite) inverse
semigrougmonoidS is a homomorphic image of a subalgebra of a (finite) semidirect
productY *, G for suitablep and (finite)Y andG. In fact, Y can be taken to be the
semilatticeE(S). See B, 18] for additional background.

2.3. (Clifford) inverse algebras. It is well-known—and, indeed, one of the main
motifs in inverse semigroup theory—that the operations of anréeveemigrous
induce anatural order< on S defined fora,b € S by

a<b ifandonlyif a=bala

The natural order is stable under left and right multiplicatio®ne of the most
interesting situations occurs when the natural order is a meategéce order, and
such a situation allows to define (as is done by several authoerajiditional binary
operationA on S, inducing a semilattice order identical to the natural ondlofing
Leech [L9], we call inverse monoids equipped with such an operatieerse algebras

It was shown in 3, 19 that inverse algebras form a variety, and that it is defined by:
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inverse monoid axioms for ~1 and 1, the semilattice axioms for, both distributive
laws for- over A, and the identity

XAY =~ X(XAY)HXAY).

A Clifford monoidis an inverse monoid in which all idempotents are central (or,
equivalently, which can be decomposed into a semilattigesohaximal subgroups).
If the underlying inverse monoid of an inverse algebra ist@id, then the algebra in
question is called &lifford inverse algebra

Two main examples of Gfiord inverse algebras follow.

ExampLe 2.2. For a groupG, define an algebra o U {co} (c0 ¢ G) by setting
0% = 0! = w0 andeog = goo = o0 and expanding the obtained inverse monoid
by a meet semilattice operatiansuch thato A g = oo andg A h = co whenevelg # h.
The resulting algebra is denotedi{$s) and called thaink algebraoverG (also called

in [12] the flat extensiorof G). As is easily verifiedh(G) is always a Cliford inverse
algebra.

Examrie 2.3 (3.12 of [L9)). Let S be an arbitrary Citord monoid. ThenN(S)
is defined to be the Gtiord inverse algebra consisting of all cosets of all hormal
subgroups of all maximal subgroups $f if Gy is the maximal subgroup containing
x € S, thenNxis a typical example of such a cosBit< G,. The multiplication works
as follows: Kx - Hy = Nxy, whereN is the least normal subgroup G, containing
Kyy U Hxx!. The natural semilattice order yieléd < Hy if and only if Kx 2 Hy;
thusKxAHy s the least coset of a normal subgrou@afontainingK xUHYy (it is easily
verified that such a least coset always exists). The inverseioh8ritself embeds into
N(S) viax — Ex = {x}. In that senseS (i.e. the singletons) generates a subalgebra of
N(S), which is denoted byN*(S): it consists of all cosets dinitely generateshormal
subgroups of maximal subgroups®f Hence, we hav&l(S) = N*(S) whenever the
Clifford monoidsS is finite.

Notice that ifS is a group, them(S) is just a quotient oN(S) obtained from the
congruence collapsing all non-singleton cosetS.of

Here are the existing results that we will utilise in what follows

Fact 2.4 (cf. Theorem 7.5 ofl2]). Clifford inverse algebras form a variet§y, which is
generated by sink algebra$G) of all groups G. Furthermore, for each group variety
V, the class2(V) of all Clifford inverse algebras all of whose subgroups belony to
is a subvariety of.

Fact 2.5 (cf. 3.17 and Theorem 3.13 df9]). LetV be a variety of groups, and let
V¢! denote the variety of Gfbrd inverse monoids all of whose subgroups belong to
V. If S is the free object 6f% on n> 0 free generators, theN*(S) is isomorphic to
Fn(C(V)), the n-generated free object 6fV).
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2.4. Themain theorem. Let (A A,-, 71, 1) be a Clfford inverse algebra. We denote
by Y, its semilattice reductA, A), and, as is customary in semigroup theon,
denotes the monoid obtained by adjoining an identity eldrteN, unless it already
has one. On the other hand, &t denote theyroup of unitsof A, that is, the maximal
subgroup ofA containing the identity element 1.

There are several ways in whi€h, may act on the semilatticé, by automor-
phisms; for example, here is one.

Lemma 2.6. Let A be a Clfford inverse algebra and let ¢ Ga. Then the left
multiplication by g4 : @ = ga, ac A, is an automorphism ofaY

Proor. By left distributivity of multiplication over the meet operati in inverse
algebras, we havgg(a A b) = g(aA b) = gaA gb = A4(a) A Ag(b) for all g € Ga
anda,b € Ya, so that eachly is a semilattice endomorphism of. Obviously,
Ag(g7ta) = a, thus4y is surjective. To prove thaty is injective, we recall a basic
fact on Cliford semigroupsnonoids (cf. L8, Theorem 5.2.12]): any such semigroup
can be represented as a strong semilattice of its maximal sytsyrdm more detail,
we have a family of group&G, : « € Y} indexed by a semilattic¥ (or a semilattice
monoid, if we work with monoids). Along with this family comessgstem of group
homomorphismsp, s : G, — Gg for any e, € Y such thate > g, subject to the
following two conditions: (1), is the identity mapping ofs, for anya € Y, and
(2) for anya, B,y € Y such thatr > 8 > y we havep,, = ¢s, ¢ . The multiplication
in the strong semilattice of groups works as follows.git G, andh € Gg, then
gh = ¢q.0n8(9)ds.ars(N), the right-hand side being a product within the grdsipg.
Therefore, the monoid reduct éfis constructed from a suitable system of groups and
group homomorphisms. In particular,\fis the structure semilattice of that monoid
reduct, therGa = G;, whereeg is the identity element of. Thus if we assume that
ga = gbfor somea,b € Aandg € Ga such thata € G,, b € G for somee, € Y,
we immediately conclude that = 8. Hence,ga = ¢.,(0)¢..(8) = ¢-.(g)a and,
similarly, gb = ¢.,(g)b, soga = gbimpliesa = b, as wanted.

Finally, notice thatigdn = A4y and that, is the identity mapping olfa, so that we
indeed have a left action &, on the semilatticé/a. O

We can extend the automorphistyof Ya to an automorphismy of Yx by fixing
its adjoined top element, which we denote byto distinguish from 1, the identity
element of the algebr@, which is one level ‘lower’ inY,i). Similarly, we may consider
the action 0fGa on Ya by conjugation inA, so thaty-a = gag™ forg e Gp anda e A,
and extend it to an action or by fixing T. What is common in these actions is that
g-acan be expressed Hg, a) for a binary term operatiot{x, y) of the algebraA. We
are going to call such actioterm-expressible

Now, with respect to a fixed term-expressible action (g,a) — t(g,a) we can
form the semidirect produdt/i %, Gp of Y/{ andGa. The following is the main result
of the present note.
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Tueorem 2.7. Let A be a Cliford inverse algebra such that the set of all of its
subgroups generate a locally finite group variéty and letp be a term-expressible
left action of G, on Y;. Then

log fa(Y4 *, Ga) € O(n(log fns1(V))?).

By a direct application of the Higman-Neumann result, we obth@following
consequence.

Cororrary 2.8. If A'is a finite Cljford inverse algebra such that all of its subgroups
are nilpotent of class c, while is a term-expressible left action of\®n Y%, then

log fn(Ya *, Ga) € O(N**h).

Consequently, the same is true for any finite inverse senygselonging to the variety
generated by ¥, Ga.

3. Proof of Theorem 2.7
The vehicle in establishing our principal result is the follogrinequality.

ProposiTion 3.1. Let A be a Cljford inverse algebra such that both A and Generate
locally finite varieties (of inverse algebras and groups pextively), and lep be a
term-expressible left action of®n Y;. Then

fn(Yi *p Ga) < fn(GA)(fn+1(A))n-

Proor. First of all, we look at the way of representing an arbitrary inversmao
wordw = yp---ym € (% U X;1)* (over ann-element alphabek;,) in a general
semidirect producl x, G of a semilattice monoid¥' by a groupG with respect to
an arbitrary left actiorp : (g,a) — g- a, wherea € Y, g € G. To this end,
we substitute each variablg € X, by a pair of variables&, y;) taking values in
Y andG, respectively; thenc! becomesa(j‘l . §j,yj‘1). Now, respecting the way
the multiplication works inY =, G, aided by the group action and the semilattice
operationA, this substitution yields

W(Eny2)s s Gy = |\ Ei s W) s
i=1

where the expressiorts will be explained in the sequel, whilg(ys, .. .,yn) is simply
a group word over the alphabgty, ..., yn}. So, letw; = y;---y; be a prefix ofw of
lengthi > 0 (wq is the empty word). Foir> 0 we distinguish two cases:

° Vi = Xj; € Xn. ThenEi = Wi,1(71, R ,yn) ~§j|.

o« VY= x;l € X-1. In this caseE; = wWi_1(y1,. .. ,yn)yil -&j.

If we agree on conveniently writing(A h) - « instead ofg- @ A h- @, then A", E;j can
be written as a ‘linear combination’

n
/\Cj &
j=1
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where each ‘ca@icient’ C; is a finite ‘meet’ of some group words oven, ..., yn}.

Let us now turn to the case whéh= Y}\ andG = Gp acts onY by a left action
p associated with an inverse algebra tetixy). The previous analysis shows that
if w,w’ are two words over), U X;1)*, then the identityv ~ w’ fails in Y3 %, Ga
if and only if it either fails inGa, or AJ_; Cj - & ~ AJ_; C} - ¢ fails for the ‘linear
combinations’ thatv andw’ induce onY3, respectively.

Cramv. If the semidirect producyy +, Ga fails to satisfyA]_; C; - é; ~ A1 C] - ¢
then the identityt(C;, £) ~ t(C’, ¢) fails in Afor some 1< j < n.

Proor oF CLamv. First of all, by substituting the top elememtof Y; for all but one
semilattice variables;, we see thaf\j_; C; - &j ~ A\[_; C} - £ holds inY; x, Ga if and
only if

holds for each 1< j < n. Clearly, 3.1) is satisfied if¢; = T regardless of the form
of the coéﬁcientsC,,C; Therefore, there is an indejxsuch that §.1) fails for ¢;
evaluated as an element @fe Ya, and for eachy;, 1 < r < n, evaluated as some
Or € Ga. In other words, it, C,,C’ are the term operations éflnduced by the terms
t,Cj.Cj, respectively, then

t(6J (gl’ e gn)’ Q) = t((\:] (g]_, ey gn), (Z).
Hencet(Cj, ¢) ~ t(C/, ¢) fails in A. O

In conclusion, to each-ary term operation oiY3 =, Ga induced by an inverse
monoid wordw we can associate an ¢ 1)-tuple

(HC1(3.¥). - - tCn(%), 1) W(X)

(wherex = (xq,. .., X)) andw is the term operation &, induced byw) consisting of
term operations oA (onn+1 variables) and anary term operation d&. The previous
claim and the considerations preceding it show that such aimgfsinjective, so the
proposition follows. O

Proor or THeorEM 2.7. We start by recalling the well-known fact that the structure
semilattice (the greatest semilattice homomorphic image$ of F,(V*), the n-
generated relatively free @ord monoid of V¥, is P(X,), the N-semilattice of all
subsets of an-element sek,, while for Z c X, the corresponding maximal subgroup
Gz (whose identity i®; = [],.z zz1) is isomorphic to thé’-free groupFz(V).

By the given conditionsA € (V). So, from Fac2.5we have the following chain
of inequalities:

A < e <IN <IN = Y (1] Y 1R i

k=0 \"/ NaF(V)
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The final touch is provided by the seminal memoir of Berman an@kd2] on
generative complexity of (finite) algebras: namely, their Lea818 provides an upper
bound on the size of the congruence lattice of a finite conge+eniform algebra
(which means that for any congruentall 6-blocks have the same size).

Fact 3.2 ([2]). If Bis a finite, congruence-uniform algebra, then
|Con@®)| < |B*98.

SinceV is locally finite, F¢(V) is a finite group for any finitk, a congruence-
uniform algebra (the congruence blocks are just cosets of a norimgdaip). There-
fore, the number of normal subgroupskef(V) is estimated by

log| ConFn(V))l < 2(log|Fn(V))* = 2(log f1(V))?

Thus the previous chain of inequalities continues as follows:

WA < (1) X IR0 N < 2 (9 ConEo(V).

k=0 N<F(V)
implying
log f2(A) < n + log fo(V) + 2(log f2(V))? € O((log fu(V))2). (3.2)
By Proposition3.1and the fact that,(Ga) < fa(V), we have
log fa(Y2 %, Ga) < log fa(Ga) + nlog fn.1(A) € O(n(log fn.1(V))?),
as required. O

Remark 3.3. For some particular grouf, it is possible to give some more precise
estimations forf,(b(G)) than the one obtained in the previous proof for a general
Clifford inverse algebré. For example, ilG = Z, for a primep, thenG generates
the variety A, of Abelian groups of exponemt. Furthermore, it can be proved that
b(Zp) alone generate8(A,) (as.A, coincides with theuasivarietygenerated by,

see [L2)). So,
H0E) = (1] Y R

k=0 \"/ H<Fi(Ap)

whereasFi(Ap) is an elementary Abeliap-group, thekth direct power ofZ,. This
group is in fact &-dimensional vector space over theelement field, so counting its
subgroups of index*" is the same thing as counting itsimensional subspaces. In
nearly every classical algebra textbook one can find that thdaum question is the
so-calledGaussian cofcient

(pk _ 1)(pk _ p) o (pk _ pi—l) ~ (pk _ l)(pk—l _ 1)‘ . (pk—i+1 _ 1) B

i i i _ pi-1) i i-1 _ 1_ _(pk_i+l)i’
P-DE-P . (F-pH  EF-HEF-D..(-D
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so that
n n k n n k o
(b(Zp) < Z( )Z i(k— |+l ( )pkz pl(k—l) <
k=0 K i=0 k=0 K i=0
n
<) (E)(k + Dpikk < (n+ 1)P2pim
k=0
Hence,

log fa(b(Zp)) < 4 n + (1 +logp)n+ 2log(n + 1),

while (3.2) gives logfn(b(Zp)) < 2(logp)?n? + (1 + log p)n (since fa(Ap) = p).

4. A few (smple) examples

We pick up the simplest example of a fitird inverse algebra, the sink algebra
of a groupG, that isA = b(G). The corresponding semilattid€; consists of a top
(identity) elementT, an anti-chain of elements indexed @yon the ‘middle floor’,
and the bottom (zero) elemest. Since in this cas&, is actuallyG, to define a
semidirect producY; =, G it suffices to specify a left actiop of G on itself (as any
automorphism o} fixes T andeo and induces a permutation of the &t

Of course, there are many ways to do this, but we choose perhap®#t®bvious
one: the left translation actign: g — A; (cf. Lemmaz2.6). In the resulting semidirect
productY; =, G, we have (as is routine to verify) that the group of units is formed
by pairs of the form (,h), h € G ((T,1) is the identity element of the considered
monoid), while the elements & = {(c0,h) : h € G} form the kernel, the unique
minimal ideal. The remaining elements are pairs of the fagnhm)( g,h € G. Upon
defining S'(G) = (Yi %, G)/K, so that all elements d are collapsed into a zero
elementD, the multiplication inS’(G) on the latter set of pairs works as follows:

(g,hhr) if g=hg,
0 otherwise.

(9 W)@, W) = (g A hg, hi) = {

Recall that the(combinatorial) Brandt semigroup xBover a setX is the inverse
semigroup defined on the sét & X) U {0} by

if y=x,

. and & y)™ = (v, %),
otherwise,

(xX.Y) = {( ¥

for all x,x,y,y € X, while O behaves as a zero element. Now we claim that the
elementq(g,h) : g,h e G} U {0} of S’(G) form a Brandt subsemigroup & (G) over
G. Indeed, it is rather straightforward to check that the mappidgfined by

¢((9.h) = (g.h™'g) and ¢(0)=0
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is indeed an inverse semigroup isomorphism. Thus we concladégmonoids’ (G)
consists of its group of units acting on the Brandt semigroug as follows:

a-(g,h) = ¢((T.a)(g.gh™) = ¢((ag agh™)) = (ag h)

and
(9.h) - a=¢((g.gh™)(T.a)) = ¢((g. gh *a)) = (g.a *h).

It can be proved without diculty (although this is not essential here) th{ét*p Gisa
subdirect product of its idedl = G andS’(G), so thatY; =, G andS’(G) generate the
same inverse monoid variety.

Similarly, one can replace the actiprio bep : g — pé,l, the right multiplication

by g! extended by fixed points and co. Mutatis mutandis this yields another
semidirect product o¥; andG, again with a group kernel isomorphic & and the
corresponding quotier(G) has its group of unit& acting onBg in the following
way:

a-(g,h)=(gat,h) and @,h)-a=(g,ha).

It is precisely this monoids(G), constructed for a finitely generated non-Hopfian
groupG, that was used by Sapi2§] to obtain a critical counterexample of a finitely
generated inverse semigroup violating the descending chadfitam for its idempo-
tents. Also, as shown by Reilly ir2[], inverse monoids of the for8(Z,) appear as
generators of minimal non-cryptic inverse semigroup varieties.aByther result of
Reilly [22], each inverse semigroup (monoiB)Z,), wherep is a prime, generates
a variety with infinitely many subvarieties, ai®{Z,) (denoted in 22] by N) is the
smallest inverse semigroup with this property.

Now Corollary2.8immediately yields the following conclusion.

Cororrary 4.1. Let G be a finite nilpotent group of class c. Then biath f,(S(G))
andlog f,(S’(G)) belong to the asymptotic claggn®t).

Notice that the six-elemerrandt monoid B embeds into botl$(G) andS'(G)
for eachnontrivial groupG. So, by takingG to be any nontrivial finite Abelian group
(for example, letG = Z,, the two-element cyclic group), we arrive at the same result
as the one obtained by Se#4] by other methods.

CoroLLarY 4.2. log fn(B%) e O(nd).

It is known that the sequence IégB}) asymptotically belongs to the interval
[r?, n®]; however, the determination of thexactbehavior of the free spectrum e
remains an open problem that is closely connected to some wdithieult and deep
enumeration problems on directed graphg.[ (The analogous problem for the free
spectrum ofB; is much easier, though, se&]].)

Of course, the conclusion of Corolladyl (in fact, that of Corollary2.8) applies
to finite inverse monoids with more intricate structure, such asémidirect product
N(G) = YI{I(G) *, G, whereG is an arbitrary group ang is the natural coset action
defined byp : (g,aN) — gaN for an arbitrary coseaN of a normal subgrouN of
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G andg € G. Further analysis would show that the latter semidirect prodasG as

its group of units, while all othefZ-classes are in a bijective correspondence (which
is in fact a dual lattice isomorphism) with the lattice of atirmal subgroups dB. A
9-class corresponding 8 < G turns out to have maximal subgroups isomorphic to
N and contains® : N] Z-(.Z-)classes. Certainly, it would be interesting to elucidate
in more detail the structure ®(G) (e.g. the multiplication between its elements from
differentZ-classes), and to characterise finite inverse monoids belongiagariety
generated byN(G) for a particular finite (nilpotent) grouf. In particular,S’(G)
arises a quotient dll(G): it suffices to retain the group of units 6fG) and theZ-
class corresponding to the trivial (normal) subgrou@po#vhile the rest oN(G) forms

an ideal which can be collapsed into a zero element by a seiRd¥s congruence.
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