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Abstract The pseudovariety DA consists of all aperiodic finite monoids all of whose regu-
lar D-classes are subsemigroups (that is, rectangular subbands); this pseudovariety appears
quite frequently in various contexts in finite semigroup theory. In this note we prove that
all its members have a log-polynomial free spectrum, thereby making a new step towards
proving the Seif conjecture on the dichotomy of free spectra of finite monoids.
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1 Introduction

Let V be a variety of algebraic structures and let Fn(V ) denote the V -free algebra over
an n-element set, n ≥ 1. If V is locally finite, then each finitely generated algebra in V
is finite, so the sequence fn(V ) = |Fn(V )| consists of positive integers. This sequence is
called the free spectrum of V . The free spectrum of an individual algebra A is just the
free spectrum of the variety generated by A. The ultimate goal of investigations of free
spectra is determining all possible sequences (at least asymptotically) and thus obtaining a
corresponding classification of finite algebras and locally finite varieties. An overview of
basic results and development of the theory up to the early nineties may be found in [8].

The establishment of tame congruence theory [10] as a key component of finite universal
algebra also yielded new results on the behavior free spectra of finite algebras [3]. However,
the crucial impetus for further research came from the paper of Kearnes [14] who showed
that the free spectrum of a general finite algebra is a great deal governed by the free spec-
trum of an associated monoid, called the twin monoid. This clearly puts forward the issue of
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studying free spectra of semigroups and monoids. As a first approximation to the classifica-
tion programme mentioned above, Seif [17] proposed an intriguing conjecture concerning a
dichotomy in the asymptotical behavior of free spectra of finite monoids. Namely, we say
that an algebra A has a doubly exponential free spectrum if there is a real number c > 0 such
that

fn(A)≥ 22cn

holds for large n. (This is precisely as far as the free spectrum of a finite algebra can go, since
by elementary universal-algebraic arguments we have fn(A) ≤ |A||A|

n
.) Otherwise, the free

spectrum of A is sub-log-exponential; moreover, it is log-polynomial (or small) if there is an
integer k ≥ 1 such that log fn(A) ∈ O(nk) (here and in the whole paper ‘log’ refers to the
base-2 logarithm, although this is not essential as all logarithms are asymptotically equiva-
lent). For example, an old result of Higman [9] and Neumann [15] states that a finite group
G is nilpotent of step c if and only if log fn(G) ∈ O(nc); otherwise, if G is not nilpotent,
then fn(G) is doubly exponential. Seif’s conjecture attempts to demarcate between finite
monoids whose free spectra are sub-log-exponential and doubly exponential, respectively.

To formulate this conjecture explicitly, we need to introduce several pseudovarieties of
finite monoids, that is, classes of finite monoids closed under taking homomorphic images,
submonoids and finite direct products. (We refer to [2] for basic notions on semigroups and
pseudovarieties.) First of all, let DS be the pseudovariety consisting of all finite monoids M
with the property that all of its regular D-classes are subsemigroups of M. A monoid is called
aperiodic (or combinatorial) if all of its subgroups are trivial. All aperiodic members of DS
again form a pseudovariety, which is denoted by DA; it is characterised by the condition that
each regular D-class is a rectangular band. Now, for a monoid pseudovariety V we denote
by EV the pseudovariety consisting of all monoids M such that ⟨E(M)⟩, the submonoid of
M generated by the set E(M) of all idempotents of M, belongs to V. Furthermore, for a
pseudovariety H of finite groups, we denote by H the pseudovariety of all finite monoids
all of whose subgroups belong to H. Finally, let Gnil denote the pseudovariety of all finite
nilpotent groups. The conjecture of Seif asserts that for a monoid M, fn(M) is sub-log-
exponential if and only if M ∈ EDA∩Gnil. In [17], Seif himself proved the direct part of this
conjecture and verified its converse for all finite monoids obtained by adjoining an identity
element to a Rees matrix semigroup. The present author showed in [6] that the conjecture
holds for monoids that are unions of its subgroups: a finite completely regular semigroup has
a sub-log-exponential (moreover, a small) free spectrum if and only if it is locally orthodox
and has only nilpotent subgroups. See [5,7,12,13,16] for further background.

In this note we prove the following result.

Theorem 1 fn(M) is log-polynomial for each finite monoid M ∈DA.

To achieve this, we employ the result of Straubing and Thérien [19] (see also [20]),
according to which DA =

∪
t≥1Sl

(t), where Sl(t) is the pseudovariety generated by all left-
associated, t times iterated bilateral semidirect products of semilattice monoids. Then we use
the fact, proved by Blanchet-Sadri [4], that each pseudovariety Sl(t) is equational, i.e. that
there is a semigroup variety Ut such that Sl(t) is precisely the class of finite members of Ut .
In particular, this means that DA is contained in

∪
t≥1 Ut ; so, our result follows immediately

as soon as we prove, for each t ≥ 1, that log fn(Ut) is bounded above by a polynomial func-
tion of n. This approach roughly parallels (and in several points generalises) that of Horváth
et al. [11] who utilised the results of Almeida [1,2] and Stiffler [18] to obtain an analogous
result for finite R-trivial (and, dually, L -trivial) monoids, which form subpseudovarieties
R and L, respectively, of DA.
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In the following section, we gather all the necessary notions and prerequisites for our
proof. Then, in Sect. 3, we introduce a sequence of congruences on the free monoid on a
countably infinite alphabet, and this sequence will contain the fully invariant congruences
corresponding to Ut . This leads to an inequality used in estimating free spectra of vari-
eties Ut , t ≥ 1. The final calculation of asymptotical upper bounds of these free spectra is
performed in Sect. 4.

2 Preliminaries

Let S and T be semigroups; as it is usual in the present context, the operation of S will be
written additively (which does not mean, however, that S is commutative), while that of T
will be written multiplicatively. A left action of T on S is a mapping T × S→ S, written
(t,s) 7→ ts, such that

t(s+ s′) = ts+ ts′ and (tt ′)s = t(t ′s)

holds for all s,s′ ∈ S and t, t ′ ∈ T . If S and T are monoids, whose identity elements are 0 and
1, respectively, then we also require that t0 = 0 and 1s = s holds for all s ∈ S, t ∈ T . The
notion of a right action of T on S is defined dually.

Given a left action of T on S, one defines the semidirect product S ∗T (with respect to
the considered action) on the set S×T by

(s, t)(s′, t ′) = (s+ ts′, tt ′)

for all s,s′ ∈ S t, t ′ ∈ T . It is easy to check that S ∗T is again a semigroup; moreover, it is
a monoid if both S and T are monoids ((0,1) turns out to be the identity element of S ∗T ).
If V1,V2 are two pseudovarieties of finite monoids, then one can define their semidirect
product V1 ∗V2 as the pseudovariety consisting of all finite monoids that divide (= are ho-
momorphic images of submonoids of) monoids of the form S ∗T , where S ∈ V1, T ∈ V2.
Even though the semidirect product is not associative on the level of individual semigroups,
it is associative for pseudovarieties.

On the other hand, given two monoids S and T , one can fix two actions of T on S, one
left and one right, and consider a ‘left-right symmetric version’ of the semidirect product
that is called the bilateral (or two-sided) semidirect product, denoted by S∗∗ T . This is a
monoid whose underlying set is again S×T , while its operation is defined by

(s, t)(s′, t ′) = (st ′+ ts′, tt ′)

for all s,s′ ∈ S t, t ′ ∈ T ; as before, (0,1) is easily verified to be the identity element. For two
pseudovarieties of finite monoids V1,V2, we define V1 ∗∗ V2 to be the pseudovariety con-
sisting of all finite monoids dividing S∗∗ T such that S ∈ V1, T ∈ V2. Unlike the case of the
ordinary semidirect product construction, the bilateral semidirect product of two pseudova-
rieties is not associative, so that the placement of parentheses becomes relevant: we have
(V1 ∗∗ V2)∗∗ V3 ⊆ V1 ∗∗(V2 ∗∗ V3), while the converse inclusion is in general not true.

So, let Sl be the pseudovariety of all finite semilattice monoids and define the sequence
of pseudovarieties Sl(t), t ≥ 1, by Sl(1) = Sl and Sl(t+1) = Sl(t) ∗∗ Sl for all t ≥ 1. Therefore,
Sl(t) consists of all finite monoids dividing a bilateral semidirect product of the form

(. . .((Y1 ∗∗ Y2)∗∗ Y3) . . .)∗∗ Yt ,

where Y1, . . . ,Yt are semilattice monoids.
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Fact 2 (Straubing and Thérien [19])∪
t≥1

Sl(t) =DA.

This is a ‘bilateral analogue’ of a well-known result of Stiffler [18], asserting that if
we define a sequence Slt of pseudovarieties by Sl1 = Sl and Slt+1 = Slt ∗Sl, then we have∪

t≥1Slt = R.
The paper of Blanchet-Sadri [4] provides a basis of pseudoidentities for each Sl(t). As

it turns out, all these pseudovarieties are equational, i.e. they have bases consisting entirely
of ordinary identities, which means that each of them is a finite trace (the class of finite
members) of a monoid variety. In the following, for a word w ∈ X∗ let c(w) denote the
content of w, the set of all letters from X occurring in w.

Fact 3 (Blanchet-Sadri [4]) Let the set Dt , t ≥ 1, consist of the following two types of
identities over a countably infinite alphabet X containing the letters x,y:

ut−1 . . .u1x2v1 . . .vt−1 l ut−1 . . .u1xv1 . . .vt−1, (2.1)

where ui,v j ∈X+, 1≤ i, j < t, are such that x∈ c(u1)∩c(v1) and c(uivi)⊆ c(ui+1)∩c(vi+1)
for all 1≤ i < t−1, and

ut−1 . . .u1xyv1 . . .vt−1 l ut−1 . . .u1yxv1 . . .vt−1, (2.2)

where ui,v j ∈ X+, 1 ≤ i, j < t, are such that x,y ∈ c(u1)∩ c(v1) and c(uivi) ⊆ c(ui+1)∩
c(vi+1) for all 1≤ i < t−1.

Then the pseudovariety Sl(t) is defined by Dt .

In other words, if Ut denotes the variety of monoids defined by all identities of the form
(2.1) and (2.2), then Sl(t) is just the class of all finite monoids belonging to Ut . For this
reason, any finite monoid from DA belongs to a variety Ut for some t (by Fact 2); thus our
Theorem 1 will be an immediate consequence of the following assertion.

Theorem 4 For each t ≥ 1 we have log fn(Ut) ∈ O(n2t−1).

We finish this preliminary section by invoking the ‘one-sided version’ of Fact 3, due to
Almeida, which gives an equational axiomatisation for pseudovarieties generated by iterated
semidirect products of semilattice monoids.

Fact 5 (Almeida [1,2]) Let the set Σt , t ≥ 1, consist of the following two types of identities
over a countably infinite alphabet X containing the letters x,y:

ut−1 . . .u1x2 l ut−1 . . .u1x, (2.3)

where ui ∈ X+, 1≤ i < t, are such that x ∈ c(u1) and c(ui)⊆ c(ui+1) for all 1≤ i < t−1,
and

ut−1 . . .u1xy l ut−1 . . .u1yx, (2.4)

where ui ∈ X+, 1≤ i < t, are such that x,y ∈ c(u1) and c(ui)⊆ c(ui+1) for all 1≤ i < t−1.
Then the pseudovariety Slt is defined by Σt .

So, Slt is just the class of all finite members of monoid varieties Vt defined by all iden-
tities of the form (2.3) and (2.4); in turn, Slt generates Vt as a variety. Horváth et al. [11]
proved that log fn(Vt) ∈O(nt), which, in combination with Stiffler’s result, implies that any
finite R-trivial monoid has a log-polynomial free spectrum.
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3 Some congruences on free monoids

As before, we let X to be a fixed countably infinite alphabet; all letters that are going to
appear in our further considerations will belong to X . Recall that for a word w ∈ X∗, c(w)⊂
X is the set of all letters occurring in w. By σ(w) we denote the letter from c(w) that
is the last to appear in w from the left; consequently, we have a unique factorisation w =
s(w)σ(w)s(w), where s(w) is the longest prefix of w not containing σ(w) (i.e. with a content
strictly smaller than w).

Inspired by identities appearing in results of Blanchet-Sadri and Almeida (Facts 3 and 5,
respectively), we define a sequence of congruences ρa,b on the free monoid X∗ for integers
a,b ≥ 1. Namely, if a ≥ b, we let ρa,b to be congruence of X∗ generated by all pairs of the
form

(ua−1 . . .u1x2v1 . . .vb−1,ua−1 . . .u1xv1 . . .vb−1) (3.1)

such that

• x ∈ c(u1)∩ c(v1) if b > 1 (this is replaced by x ∈ c(u1) if b = 1),
• c(uivi)⊆ c(ui+1)∩ c(vi+1) for all 1≤ i < b−1,
• c(ub−1vb−1)⊆ c(ub), provided a > b, and
• c(ui)⊆ c(ui+1) for all b≤ i < a−1,

and all pairs of the form

(ua−1 . . .u1xyv1 . . .vb−1,ua−1 . . .u1yxv1 . . .vb−1) (3.2)

such that

• x,y ∈ c(u1)∩ c(v1) if b > 1 (or x,y ∈ c(u1) if b = 1),
• c(uivi)⊆ c(ui+1)∩ c(vi+1) for all 1≤ i < b−1,
• c(ub−1vb−1)⊆ c(ub), provided a > b, and
• c(ui)⊆ c(ui+1) for all b≤ i < a−1.

If a < b, the congruence ρa,b is dual to ρb,a in the sense that (u,v) ∈ ρa,b if and only if
(←−u ,←−v ) ∈ ρb,a, where←−w is the reverse word of w.

We record two important properties of the congruences just introduced.

Lemma 6 All congruences ρa,b (a,b≥ 1) are fully invariant.

Proof Because of duality, there is no loss of generality in assuming that a≥ b. If (u,v)∈ ρa,b
then there is a sequence of words u = w0, . . . ,wm = v ∈ X∗ such that for each 1 ≤ k ≤ m
there are words pk,qk,w′k−1,w

′′
k ∈ X∗ satisfying

wk−1 = pkw′k−1qk,

wk = pkw′′k qk,

while either (w′k−1,w
′′
k ) or (w′′k ,w

′
k−1) is a pair of one of the forms (3.1), (3.2). Therefore,

it suffices to prove that all ‘endomorphic images’ of pairs (3.1) and (3.2) indeed belong to
ρa,b. Put differently, for pairs of the form

(ua−1 . . .u1x2v1 . . .vb−1,ua−1 . . .u1xv1 . . .vb−1),

x∈ X∗, with the second and the third condition listed after (3.1) and the additional condition
that c(x)⊆ c(u1)∩ c(v1), and for pairs of the form

(ua−1 . . .u1xyv1 . . .vb−1,ua−1 . . .u1yxv1 . . .vb−1),
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x,y∈ X∗, again with the second and the third condition listed after (3.2) and c(xy)⊆ c(u1)∩
c(v1), it suffices to prove that they belong to ρa,b. However, this is a matter of a routine
induction on |x| in the first and on |xy| in the second case, and is completely analogous to
the corresponding result in [1] for the particular case b = 1 (see also [2]).

At this point, let us remark that (u,v) ∈ ρ1,1 if and only if c(u) = c(v); since one easily
verifies that ρa,b ⊆ ρ1,1 for all a,b≥ 1, the condition (u,v) ∈ ρa,b implies that u and v have
the same content.

Lemma 7 Let u,v,w∈ X∗ be such that c(u),c(v)⊆ c(w) and (u,v)∈ ρa,b for some a,b≥ 1
satisfying a≥ b−1. Then (wu,wv) ∈ ρa+1,b.

Proof Consider first the case when a≥ b. Just as in the previous lemma, if (u,v)∈ ρa,b then
there is a sequence of words u = w0, . . . ,wm = v ∈ X∗ such that for each 1 ≤ k ≤ m there
are pk,qk,w′k−1,w

′′
k ∈ X∗ with

wk−1 = pkw′k−1qk,

wk = pkw′′k qk,

and either (w′k−1,w
′′
k ) or (w′′k ,w

′
k−1) is a pair of one of the forms (3.1), (3.2). For the sake of

an example, assume that (w′k−1,w
′′
k ) is a pair of type (3.1), so that

w′k−1 = ua−1 . . .u1x2v1 . . .vb−1,

w′′k = ua−1 . . .u1xv1 . . .vb−1,

with the conditions as specified after (3.1). But then

wwk−1 = [(wpk)ua−1 . . .u1x2v1 . . .vb−1]qk,

wwk = [(wpk)ua−1 . . .u1xv1 . . .vb−1]qk.

So, since c(wpk) = c(w)⊇ c(wk−1)⊇ c(ui)∪ c(v j) for all 1≤ i≤ a−1, 1≤ j ≤ b−1, we
conclude that (wwk−1,wwk) ∈ ρa+1,b. This implies (wu,wv) ∈ ρa+1,b.

Now assume that a = b−1. By definition, the condition (u,v) ∈ ρb−1,b is equivalent to
(←−u ,←−v ) ∈ ρb,b−1, so in a fashion similar to the previous paragraph there is a sequence of
words←−u = w0, . . . ,wm =←−v ∈ X∗ such that for each 1≤ k ≤ m we have

wk−1 = pkw′k−1qk,

wk = pkw′′k qk,

for some pk,qk,w′k−1,w
′′
k ∈ X∗ such that either (w′k−1,w

′′
k ) or (w′′k ,w

′
k−1) is of one of the

forms (3.1), (3.2). Taking again the case when (w′k−1,w
′′
k ) is of type (3.1) as an example, we

arrive at

wk−1
←−w = pk[ub−1 . . .u1x2v1 . . .vb−2(qk

←−w )],

wk
←−w = pk[ub−1 . . .u1xv1 . . .vb−2(qk

←−w )].

Here we have c(qk
←−w ) = c(←−w ) = c(w) ⊇ c(wk−1) ⊇ c(ui)∪ c(v j) for all 1 ≤ i, j < b− 1,

while c(ub−2vb−2) ⊆ c(ub−1) holds by the assumptions on pairs of the form (3.1). Hence,
(wk−1

←−w ,wk
←−w ) ∈ ρb,b. However, we also have (w←−−wk−1,w←−wk) ∈ ρb,b for all 1 ≤ k ≤ m,

implying (wu,wv) ∈ ρb,b, as wanted.
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Now we make the key technical observation on which our estimates are be based. It falls
short of a full characterisation of the relation ρa,b (unlike in [11, Theorem 3.2], where the
congruences ρa,1 were completely described); nevertheless, it will be quite sufficient for our
purpose.

Lemma 8 Let u,v ∈ X∗ and a ≥ 2, b ≥ 1 be such that a ≥ b and the following conditions
hold:

(i) (s(u),s(v)) ∈ ρa,b,
(ii) σ(u) = σ(v),

(iii) (s(u),s(v)) ∈ ρa−1,b.

Then (u,v) ∈ ρa,b.

Proof First of all, note that for any word w we have c(w) = c(s(w)σ(w)), so c(s(w)) ⊆
c(s(w)σ(w)). Therefore, the assumption (iii), the inequality a−1≥ b−1, and the previous
lemma yield

(s(u)σ(u)s(u),s(u)σ(u)s(v)) ∈ ρa,b,

while by (ii) we have s(u)σ(u)s(v) = s(u)σ(v)s(v). Finally, since ρa,b is a congruence,
from (i) it follows that

(s(u)σ(v)s(v),s(v)σ(v)s(v)) ∈ ρa,b

holds. By transitivity, this gives (u,v) = (s(u)σ(u)s(u),s(v)σ(v)s(v)) ∈ ρa,b, as required.

Since the condition (u,v) ∈ ρa,b implies that u and v have the same content, upon fixing
an n-element subset Xn of X we can consistently define

F(a,b,Xn) = {[w]a,b : c(w)⊆ Xn}= X∗n /ρa,b,

where [w]a,b denotes the ρa,b-class containing the word w. We also define

E(a,b,Xn) = {[w]a,b : c(w) = Xn}.

Let fn(a,b) = |F(a,b,Xn)| and pn(a,b) = |E(a,b,Xn)| and note that these values do not
depend (due to Lemma 6) on the actual choice of letters belonging to Xn, but only on the
cardinality |Xn|= n.

Proposition 9 Let a,n≥ 2 and b≥ 1 such that a≥ b. Then we have

pn(a,b)≤ npn−1(a,b) fn(a−1,b). (3.3)

Proof Let Cn be the set of all words w over X such that c(w) = Xn; then Cn is an ideal of X∗n .
We define νn : Cn→ E(a,b,Xn) the be the natural homomorphism given by νn(w) = [w]a,b
for all w ∈Cn. The kernel of this mapping is just the restriction of ρa,b to Cn. On the other
hand, define a mapping µn : Cn→ Xn×F(a,b,Xn)×F(a−1,b,Xn) by

µn(w) =
(
σ(w), [s(w)]a,b, [s(w)]a−1,b

)
.

Now, an equivalent way of expressing the statement of Lemma 8 is ker µn⊆ kerνn; therefore,
the number of equivalence classes of kerνn on Cn, which is, by definition, pn(a,b), is not
larger than the number of equivalence classes of ker µn, that is, |µn(Cn)|. Of course, there
are precisely n possible choices for σ(w) and once this letter is fixed, we have [s(w)]a,b ∈
E(a,b,Xn \σ(w)), the latter being a set of pn−1(a,b) elements. Finally, there are fn(a−1,b)
possible ‘candidates’ for [s(w)]a−1,b. Hence, |µn(Cn)| ≤ npn−1(a,b) fn(a− 1,b), and the
proposition is proved.
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Remark 10 By the very definition of ρa,b, we have (xa+b,xa+b−1) ∈ ρa,b for any x ∈ X .
Therefore, p1(a,b)≤ a+b−1. Also, by the already remarked description of ρ1,1, we have
pn(1,1) = 1 for all n ≥ 1. Finally, notice that by duality we have fn(a,b) = fn(b,a) and
pn(a,b) = pn(b,a) for all n,a,b ≥ 1. In particular, we have fn(t, t +1) = fn(t +1, t) for all
n, t ≥ 1.

4 Upper bounds for free spectra

As we have seen in Lemma 6, ρa,b coincides with the fully invariant congruence generated
by the pairs (3.1) and (3.2). Therefore, bearing in mind Fact 3, we have that X∗/ρt,t is the
relatively free monoid of the variety Ut on X . (Similarly, Fact 5 yields that X∗/ρt,1 is the
Vt -free monoid on X .) Consequently, fn(Ut) = fn(t, t) is the free spectrum of the variety Ut .

The fact that (u,v) ∈ ρa,b implies c(u) = c(v) means that an elementary combinatorial
argument suffices to establish a connection, given in the following lemma, between the
sequences fn(a,b) and pn(a,b). The proof is left to the reader. Note that p0(a,b) = 1 since
the only element of E(a,b,∅) is the empty word.

Lemma 11 Let a,b≥ 1. For each n≥ 0 we have

fn(a,b) =
n

∑
k=0

(
n
k

)
pk(a,b).

Hence, if log pn(a,b) ∈ O(nk) for some k ≥ 1 then also log fn(a,b) ∈O(nk).

Proof (Theorem 4) We prove the assertion log fn(t, t) ∈ O(n2t−1) by induction on t ≥ 1;
simultaneously, to keep the induction moving, we prove that log fn(t, t +1) ∈ O(n2t) holds
for all t ≥ 1.

For t = 1 we have that U1 is just the variety of all semilattice monoids, so fn(U1) = 2n

and thus log fn(1,1) ∈ O(n). On the other hand, log fn(1,2) = log fn(2,1) = log fn(V2) ∈
O(n2) by the already mentioned result from [11], although this can be deduced directly from
the previous lemma and Proposition 9 (for a = 2 and b = 1), by telescoping the recurrence

log pn(2,1)≤ log pn−1(2,1)+ logn+ log fn(1,1) = log pn−1(2,1)+ logn+n.

Now assume that we have established log fn(t, t)∈O(n2t−1) and log fn(t, t+1)∈O(n2t)
for some t ≥ 1. By applying Proposition 9 for a = b = t + 1 we obtain pn(t + 1, t + 1) ≤
npn−1(t +1, t +1) fn(t, t +1), an instance of (3.3), and so the inequality

log pn(t +1, t +1)≤ log pn−1(t +1, t +1)+ logn+ log fn(t, t +1).

Thus for large enough n (say, for n≥ n0), there is a real constant C > 0 such that we have

log pn(t +1, t +1)≤ log pn−1(t +1, t +1)+Cn2t .

By a simple telescoping procedure, we get

log pn(t +1, t +1)≤C′+C
n

∑
k=n0

k2t ,
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for a constant C′ > 0, which means that log pn(t + 1, t + 1) ∈ O(n2t+1). By the previous
lemma, we conclude log fn(t +1, t +1) ∈ O(n2t+1), as wanted. Similarly, an application of
Proposition 9 for a = t +2, b = t +1 yields

log pn(t +1, t +2) = log pn(t +2, t +1)≤ log pn−1(t +2, t +1)+ logn+ log fn(t +1, t +1).

By a telescoping process analogous to the previous one, the asymptotic upper bound for
log fn(t +1, t +1) just proved gives the required conclusion that both log pn(t +1, t +2) and
log fn(t +1, t +2) belong to the class O(n2t+2).

The proof of Theorem 1 is now complete.
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13. Kátai-Urbán, K., Szabó, Cs., On the free spectrum of the variety generated by the combinatorial com-
pletely 0-simple semigroups. Glasgow Math. J. 49, 93–98 (2007)

14. Kearnes, K.A.: Congruence modular varieties with small free spectra. Algebra Univers. 42, 165–181
(1999)

15. Neumann, P.: Some indecomposable varieties of groups. Quart. J. Math. Oxford (2) 14, 46–50 (1963)
16. Pluhár, G., Wood, J.: The free spectra of varieties generated by idempotent semigroups. Algebra Discrete

Math. 2, 89–100 (2008)
17. Seif, S.W.: Monoids with sub-log-exponential free spectra. J. Pure Appl. Algebra 212, 1162–1174 (2008)
18. Stiffler, P.: Extensions of the fundamental theorem of finite semigroups. Adv. Math. 11, 159–209 (1973)
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