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Abstract

We employ the techniques developed in an earlier paper tev shat involutory semigroups
arising in various contexts do not have a finite basis foridentities. Among these are partition
semigroups endowed with their natural inverse involutinoluding the full partition semigroup
¢, forn > 2, the Brauer semigroup, for n > 4 and the annular semigroéf, for n > 4, n even
or a prime power. Also, all of these semigroups, as well asdines semigroufy, for n > 4, turn
out to be inherently nonfinitely based when equipped withtlzeroinvolution, the ‘skew’ one.
Finally, we show that similar techniques apply to the finiésis problem for existence varieties
of locally inverse semigroups.
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Introduction

One of the most fundamental and widely studied questiongpégl (universal) algebra is
whether the equational theory Eof an algebraic structuré is finitely axiomatizable. Let
¥ be a set of identities holding iAl such that every identity from E¢ is a consequence &f,
suchX is called an(equational) basi®f A. So, the question just formulated (usually referred
to as thefinite basis problemasks if there is a finite basis for the identities@f If this is
indeed the case, thefi is said to bdinitely basedwhile otherwise it iswonfinitely basedBeing
very natural by itself, the finite basis problem has also aa a number of interesting and
unexpected relations to many issues of theoretical andipahtnmportance ranging from feasible
algorithms for membership in certain classes of formal leggs (see [1]) to classical number-
theoretic conjectures such as the Twin Prime, Goldbaclktenge of odd perfect numbers and
the infinitude of even perfect numbers (see [35] where it wshthat each of these conjectures
is equivalent to the finite axiomatizability of the equatbtheory of a particular groupoid).

Perhaps the most influential question which motivated tiveldpment of the area was for-
mulated by Alfred Tarski, who asked if there is an algoritlindétermine whether a finite algebra
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in a finite signature is finitely based. ThHarski problemr—as it became known later—was first
reduced to the case of groupoids (algebras with a singleyboeration) by McKenzie in [27]
and later solved in the negative [28]. This negative solutitakes the finite basis problem for
various types of algebras particularly interesting andsaddts significance. Some classes of
algebras have the property that all of its finite members aiely based: for example, such are
groups [33], associative rings [17, 21], lattices [26] andhutative semigroups [34]. On the
other hand, there are important classes of algebraic stegt—such as semigroups—in which
the instance of the Tarski problem is yet unsolved: it is navin if the set of isomorphism
types of finite semigroups with a finite basis is recursiver. &ooverview of the rather diversi-
fied landscape of the finite basis problem for finite semigsoi@s of the year 2000) we direct
the reader’s attention to the survey article [39] by thedtlinthor.

This paper builds upon a previous publication [6] of the atghwhere ‘unary versions’ of
two classical approaches to the finite basis problem for gemps were developed, namely,
the critical semigroup method and the method of inhereralyfinitely based semigroups (both
presented in the survey [39]). The main field of applicatioriG] was concerned with matrix
semigroups over finite fields endowed with matrix transpasias unary operation. The authors
were able to show that no such involutory semigroup (asidi® fihe obvious trivial cases) does
have a finite equational basis and, moreover, they completassified the cases when these are
inherently nonfinitely based. In this paper we exhibit fertlpplications of the methods from
[6]. These methods will be briefly reviewed in the next setti@ur main theme of application,
presented in Section 2, involve partition semigroups erabwith their natural inverse invo-
lution as a fundamental operation. Considered are the Bismigroup [7], the full partition
semigroup [23] and the annular semigroup [14]. In additibiese semigroups as well as the
Jones semigroup [37] are also studied when equipped witthare-'skew'—involution. All of
these semigroups originally arose in representation yhaod gained much attention recently
among semigroup theorists. Section 3 contains some otlpécatons, including joins of invo-
lutory semigroup varieties. Finally, in Section 4, we dewstoaite how the approach of critical
subsemigroups applies to so-called existence varietiEgally inverse semigroups.

1. Preliminaries

1.1. Identity bases

Throughout the paper we assume reader’s familiarity wigmtlost basic concepts and results
of the theory of varieties such as the HSP-theorem, see[&.&hapter II]. As far as semigroup
theory is concerned, we adopt the standard terminology atation from [9].

By aninvolutory semigroupve mean an algebraic structuse= (S, -, *) of type (2 1) such
that the binary operationis associative, while the unary operatiosatisfies the identities

(xy)" =yx, (X) =x

In other words, the unary operation— x* is an involutory anti-automorphism of the semigroup
(S,-). If, in addition, the identityx = xx'x holds,S is said to be aegular «-semigroup Each
group, subject to its inverse operatian— x1, is an involutory semigroup, even a reguar
semigroup; throughout the paper, any group is considereduasiry semigroup with respect to
this inverse unary operation.

In order to conveniently formalize the notions related teritties of involutory semigroups,
we employ thdree involutory semigrouf 7 (X) on a given alphabeX. It can be constructed as
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follows. LetX = {x* | x € X} be a disjoint copy oK and define X")* = x for all x* € X. Then
F1(X) is the free semigroup{uU X)* endowed with an involutioh defined by

(- Xm)" =X X

for all x1,. .., Xn € XU X. Elements ofF 7(X) are referred to asvolutory wordsover X. By an
involutory semigroup identity over e mean a formal expressian= v whereu,v € ¥ 7(X).
An involutory semigroupS = (S,-,*) satisfiesthe identityu = v if the equalitye(u) = ¢(V)
holds inS under all possible homomorphisms 77 (X) — S. GivensS, we let EgS be the set
of all involutory semigroup identities it satisfies. For aggllectionX of involutory semigroup
identities, we say that an identity= v followsfrom X or thatX implies u= v if every involutory
semigroup satisfying all identities &fsatisfies the identity = v as well.

With such a notion of the consequence relation betweenitdEnthe definitions of a finitely
based and a nonfinitely based involutory semigréuapply (as sketched in the introduction),
depending on whether there is a finite et EqS such that all identities in E§ follow from
%. Analogous expressions can be introducedvimietiesof involutory semigroups. The class
of all involutory semigroups satisfying all identities fmoa given sek of involutory semigroup
identities is called theariety defined by. A varietyV is finitely basedf it can be defined by
a finite set of identities, otherwise it ronfinitely basedGiven an involutory semigroug, the
variety defined by E® is thevariety generated by; we denote this variety byar S. From the
HSP-theorem it follows that every memberwafr S is a homomorphic image of an involutory
subsemigroup of a direct product of several copieS.oDbserve also that an involutory semi-
group and the variety it generates are simultaneously firgtenonfinitely based.

1.1.1. Critical subsemigroups

To formulate the first of the two tools from [6] that will be lited here, we first need the
‘involutory version’ of the well-known Rees matrix consttion (see [9, Section 3.1] for a de-
scription of the construction in the plain semigroup cadejt G = (G, -, ) be a group, 0 a
symbol beyond3, and| a non-empty set. We formally set'0= 0. Given anl x |-matrix
P = (pij) overG U {0} such thatp;j = p* for all i, j € I, we define a multiplication and an
involution* on the setl(x G x |) U {0} by the following rules:

a-0=0-a=0 forallae (I xGx1)U{O};

Do _ [ (.gpih, &) if py #0,
(I’g’ ])(k,h,f)—{ 0 if p]k=0,
(.9.)" = (L.g™hi). 0" =0.
It can be easily checked thdt x G x 1)U {0}, -, *) becomes an involutory semigroup; it will be a
regulars-semigroup precisely whem; = e (the identity element of the grou®) for alli € . We
denote this unary semigroup M°(1, G, |; P) and call it theunary Rees matrix semigroup over
G with the sandwich matrix PIf the involved groupg happens to be the trivial group = {e}
then we usually shall ignore the group entry and represemadn-zero elements of such a Rees
matrix semigroup by the pairs, () with i, j € I.
One particular 10-element unary Rees matrix semigroupspdaley role here. It is defined

over the trivial grouE = {e} with the sandwich matrix

e e

{eeoj.

e 0 e
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We denote this involutory semigroup B¢s. Thus, subject to the convention mentioned above,
K3 consists of the nine pair§ (), i, j € {1, 2, 3}, and the element 0, and the operations restricted
to its non-zero elements can be described as follows:

o @i,6) if(j,k #(273),(32),
(.1 ko= { 0  otherwise;

(i.))" = (i, 1)

For any involutory semigroug = (S, -, *) we denote by Hf) the involutory subsemigroup of
S which is generated by all elements of the foxxi, wherex € S. We call HS) the Hermitian
subsemigroupf S. For any varietyv of involutory semigroups, let \) be the subvariety of
generated by all Hermitian subsemigroups of membeX& &s is easy to verify (see [6, Lemma
2.1]), for every involutiory semigrougs we have Hyar S) = var H(S).

The next resultis Theorem 2.2 in [6], specialized to the chg®/olutory semigroup varieties
(whereas the original theorem holds for more general vaseifunary semigroups).

(1.1)

Theorem 1.1. LetV be any involutory semigroup variety such tifg € V. If V contains a
group which is not irH(V) thenV has no finite basis of identities.

1.1.2. Inherently nonfinitely based structures

Our second tool from [6] used in this paper involves &isient condition on a finite in-
volutory semigroup to baherently nonfinitely basef29]. Namely, a varietyV is said to be
locally finite if every finitely generated member bfis finite. A finite involutory semigroup is
called inherently nonfinitely based (INFB) if it is not coimtad in any finitely based locally finite
variety. Since the variety generated by a finite involutagnggroup is locally finite (this is an
easy consequence of the HSP-theorem, see [8, Theorem )l @h&gjroperty of being inherently
nonfinitely based implies the property of being nonfiniteséd; in fact, the former property is
much stronger.

A particularly important example of an inherently nonfibytéased involutory semigroup
and, in fact our main tool in this context, is theisted Brandt monoid‘Bé = (BL,-,7), where
B% is the set of the following six & 2-matrices:

10
59 12

o oo oo o & o b 3

the binary operationis the usual matrix multiplication and the unary operatidiixes the ma-

trices
0O 0 (0 11 (0 0 (1 O
0 o’\0 0’\1 0o’\0 1

and swaps each of the matrices
1 0 (0O
0 0’0 1

with the other one. The following result can be found as Gargl2.7 in [6].

Theorem 1.2. The twisted Brandt monoiﬁ”Bé is inherently nonfinitely based.



1.2. Partition semigroups
For each positive integerwe are going to define:

o thepartition semigroupy,

e theBrauer semigroupBy,

e thepartial Brauer semigroup23,,
e theannular semigrougy,

e thepartial annular semigroupAy,
e theJones semigroup,

o thepartial Jones semigroupyJp.

The semigroup€,, %5,, 2, andJ, arise as vector space bases of certain associative algebras
which are relevant in representation theory [7, 41, 14, TBf semigroup structure and related
questions fo,,, PB, and®B, have been studied recently by Mazorchuk et al., see, for pkegm
[24, 25, 18, 19, 22, 20].

We start with the definition of,,, as given in [40]. For each positive integelet

[n=1{1,....,n}, [n]'={T,...,n"}, [n]”=(1",...,n"}

be three pairwise disjoint copies of the set of the firpbsitive integers and put

[n] =[] U [n]".

The base set of the partition semigratipis the set of all partitions of the sEﬂ; throughout, we
consider a partition of a set and the corresponding equicaleslation on that set as twdidirent
views of the same thing and without further mention we freahjtch between these views,
whenever it seems to be convenient. Egj € &,, the productn is defined (and computed) in
four steps:

1. Consider thé-analogue of;: that is, define;’ on [n]” U [n]” by
X 7'y e xnpyforall x,ye[n].

2. Let(¢,n) be the equivalence relation aﬁrﬂ U [n]” generated by U 7, that is, seté, n) .=
(€ U )t where! denotes the transitive closure.
3. Forget all elements having a single prifn¢hat is, set

&Em° = Em -
4. Replace double primes with single primes to obtain thelpetén: that is, set
xény e f(X) & n)e fy)forall x,y e [n]
wheref : [n] - [n] U [n]” is the bijection

X X X+ X’ forall x € [n].
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For example, leh = 5 and

1 1 1 i
2 2 2 2
&= 3 3|, n=| 3 3
4 iy 4 &4
5 5 5 5
Then
1 l/ 1//
2 2/ 2//
& n=| 3 3 37
4 4 4"
5 5/ 5//
and
1 1
2 2
&n=|3 3
4 4
5 5

This multiplication is associative makirgy, a semigroup with identity 1 where
1={{kK}|ke[n]).

The group of units off,, is the symmetric grou®, (acting on p] on the right) with canonical
embedding5,, — ¢, given by

o {{k (ko)'} | ke [n]} forall o € &,
6



More generally, the semigroup of all (total) transformasimf [n] acting on the right is also
naturally embedded iéi, by
¢ - {{K}Uke™" | ke [n]). (1.3)

If kis not in the image ob then{k’} forms by definition a singleton class. The equivalence
classes of somé e €, are usually referred to d8ocks therankrk £ is the number of blocks of
£ whose intersection withn] as well as with fi]’ is not empty — this coincides with the usual
notion of rank of a mapping om[ in case¢ is in the image of the embedding (1.3). It is known
that the rank characterizes therelation in€, [24, 19]: for any¢, n € €, one hag Z n if and
onlyifrk & =rkn.

The semigroug, admits a natural inverse involution making it a regutaemigroup: con-
sider first the permutatiohon [n] that swaps primed with unprimed elements, that is, set

k' =K, (K)* = kforallk e [n].

Then define, fo€ € &,, _
x&yiex y forall xye[n].

That is,&* is obtained fron¥ by interchanging iF the primed with the unprimed elements. Itis
easy to see that
& =¢ () =n'¢ and 8¢ = ¢ forall &,ne &, (1.4)

The elements of the for@¢* are calledorojections They are idempotents (as one readily sees
from the last equality in (1.4)) and have the following traaent structure. Ik is the rank of
&€ (equal to the rank of), then there is somiee {0, 1, ..., n—k} and a partition ofifi] into k +t
blocks:

[NN=AU---UAUBLU---UB;

such that

EE = {AMUA,,...,ACUA,By,B],....B, B}

Fig. 1 shows a typical projection ig; herek = 3,t = 2 andA; = {3,4}, A, = {5, 8}, As = {7}
while B; = {1, 2}, B, = {6}.

v 2 3 & 5 7 8

12| [z 4] [s] [¢f [7] [&]

Figure 1: A rank 3 projection idg

From this it follows easily that the maximal subgroupfwith identity ££* is isomorphic
to the symmetric grou@y where the isomorphism betweé& and the group?-class oféé* is
given by

o {AUA,,....A\UA_,B1,B],....B, B}, o€ Gy (1.5)
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We note that in the groug?-class of any projection, the involutiorcoincides with the inverse
operation in that group. Since # £&£*, eachmaximal subgroup o, is isomorphic to the
symmetric groupsy for somek < n.

Apart from the involutior¥, ¢, admits another—'skew’—involution which is defined as fol-
lows: leta be the permutation of] that reverses the order, considered as element of the group
of units of €,. More precisely, letr be the partition

a = {{13 n’}9 {2a (n - 1)’}’ LI {n, 1/}}
and define the unary operatién ¢, — ¢, by
& =afa.

Sincea” = @ ande? = 1 we get that is indeed an involution od,,. The intuitive meaning df is
that its application rotates the picture of a partition (athie previous examples) by the angle of
7 while the application of is the reflection along the axis betweet &nd [n]’. The involution

? has not yet been studied in the literature but has turnedodog ©f significant use in the first
author’s recent paper [5].

The Brauer semigroup and the partial Brauer semigroup caomeniently defined as sub-
semigroups off,: namely,*B, [respectivelyP®B,] consists of all elements af, all of whose
blocks have size 2 [at most 2]. Both semigroups are closeérumath involutions' and”. In
both types of semigroups, the grous-class of a projectiog&* of rankk is isomorphic (as a
regulars=-semigroup) with the symmetric grou®y. For completeness we note thay is the
trivial semigroup and®8; = ¢; is isomorphic to the 2-element semilattice semigré@y}
(endowed with trivial involution).

Next we define the annular semigro2lp [14]. It will be realized as a certain subsemigroup
of the Brauer semigroup. For this purpose it is conveniefiirsbrepresent the elements B,
asannular diagrams Consider an annulu& in the complex plane, saf = {z| 1 < |Z < 2} and
identify the elements di] with certain points of the boundary éfvia

2ri(k-1) 2ri(k=1)
kis2e n andk'—e n forall kel[n].

For ¢ € B, take a copy ofA and link anyx,y € [n] with {x,y} € & by a path (calledtring)
running entirely inA (except for its endpoints). For example, the elengeats, given by

&={1L14L{24),{3.21,{3.4})

is then represented by the annular diagram in Fig. 2. Papinesenting blocks of the forifx, y’}
[{x,y} and{x’,y’}, respectively] for some,y € [n] are calledthrough stringgouter andinner
strings respectively]. Thannular semigroug!, by definition consists of all elements %, that
have a representation as an annular diagram any two of wihiiisgsshave empty intersection
— this will be referred to as thannular conditionlater in the text. One can compose annular
diagrams in an obvious way, modelling the multiplicatioridy — from this it follows that(,

is closed under the multiplication &,,. Clearly,2(, is closed under both involutiorisand”®, as
well.

Analogously to the partial Brauer semigroBf,, one can also define thgartial annular
semigroupP2l, by considering all elements &%, which admit a representation by an annular
diagram in which any two distinct strings have empty intetiem. Again eachP2l, is closed
under both involution$ and®.
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4

Figure 2: Annular diagram representation of a membeB pf

Although we shall not need it, we remark that the rank charéazgs thez-relation in2l,, as
well. Let¢ € B, be of rankt with through strings

{ka, 11}, ..., {ke, I{}, for somek;, Ii € [n].

Then{ky,. .., k} respectivelyl’,...,I{} is thedomaindom¢ respectivelyrangerané of . For
any projectiore we obviously have ran = (dome)’.

In order to show that the rank function characterizes@heelation it is suficient to show
that any two projections,  of the same rankare Z-related. Lek andn be arbitrary projections
of rankt with a; < @, < --- < a the domain ok andb] < b}, < --- < bf the range of;; definea
to be the element having the same outer strings #% same inner strings asand the through
strings

{as. by}, (& bj).

Thena € Ay, € = aa* andy = o*a.

Finally, we shall give the definition of thiones semigroup,® [37, 20] and thepartial Jones
semigroup B,. For this purpose, consider the rectanBle= [0, 1] x [1,n] in the Euclidean
plane, identify the elementse [n] with the points (Qi), the element$ € [n]’ with the points
(1,i) on the boundary oR. Analogously to annular diagrams, the member&gfalso admit
representations bgectangular diagramsvhich are defined in an obvious way —({i, y} is a
block of ¢ € 9B, then the corresponding points on the boundarRafre connected by string
running entirely in the interior oR. The setJ, then consists by definition of all members of
B, that admit a representation as a rectangular diagram anpftwdnose strings have empty
intersection. SimilarlyPJ, may be defined to consist of those member$#, that have a
representation as a rectangular diagram any two of whasgstnave empty intersection. Both
setsJ, and PJ, are closed under multiplication and both involutignand”. It is well known
thatJ, is aperiodic (that is, all subgroups are trivial) [20] andyetd see that the same is true for
PJn.

1This is also calledemperley-Lieb semigroufollowing [20], we use the termlones semigroup



For eacm we have the following inclusions among the various invalygemigroups:

PJn P2y PS5, —— ¢,
I I I
JIn An By

Here an arrow denotes an injective mapping respecting pticiition and both involutions, and
the diagram can be assumed to commute. Moreover, forreastii € {J, PJ, A, P2, B, PB, ¢}
we also have the inclusiafy, < £y,2 as involutory semigroup with respecttas well ag’. With
respect td we have everR, < £n,1 for all nand all] except] = 2.

2. The finite basis problem for partition semigroups with involution

2.1. The inverse involutioh

In this subsection we assume that each partition semigronsigered is endowed with the
inverse involutiort. In particular, forf € {J, PJ, 2, P, B, P, ¢}, var K, always denotes the
variety of involution semigroups generated{®y, -,* ). It follows from Proposition 2.9 in [6] that
a regular--semigroup is never inherently nonfinitely based. Henaeipfmlution semigroups of
this type the tool presented in subsection 1.1.2 cannot pkedpat all. So we are left with tool
no. 1 presented in subsection 1.1.1 and we are going to erahercases which this tool can be
applied to. We need to check two things:

(i) Does there exist a (non trivial) group var K, \ var H(&p)?
(i) Is K contained invar K,?

We immediately see that fot € {J, PJ} condition (i) fails becausear PJ,, and thus alsear J,
contains only trivial groups. Altogether we see that nonewftools can be applied to these
cases. Direct inspection shows tkBfj;, -,* ) and(Jy, -,* ) are finitely based fon < 3. So we are
left with the following open problem.

Problem2.1 1. Is the regular-semigroupPJ, nonfinitely based for eaam> 27
2. Is the regular-semigroupd, nonfinitely based for eaaln > 4?

2.1.1. Groups irvar & \ var H(&,)

We are going to check condition (i) mentioned above and sligtihguish between the cases
R € {'B, P53, ¢} on the one hand and € {2, P2l} on the other. The first case turns out to be easy.
Let 8, be any of¢,,, P93, or 98,,. Each projection dierent from the identity oR,, has rank less
thann, whence the semigroup K{) contains, apart from the identity element, only elemefts o
rank strictly less than. This implies the following result.

Proposition 2.1. For each n> 2 and eachi,, € {€,, P25, B} there exists a group imar &, that
is not invar H(R,).

Proof. The group in question is the symmetric gragip that is the group of units ift, and thus
belongs tovar K,. By the argument of Kim and Roush [16], each group in the waxar H(Rp)
belongs to the group variety generated by the subgroupsasd@migroup H§,). As observed
above, each subgroup of R{) embeds into the symmetric gro,_1 whence it remains to
check thatS, does not belong to the group variety generatedy;. This follows from [32,
Theorem 51.2] because the gragip always has a chief factor of order larger than the maximum
order of chief factors i5,_;. ]
10



In contrast, the case$ = 2 and& = P2l turn out to be much more complicated and require
quite a bit of time and space. We start with= 2. It was observed by Jones [14] that the
maximal subgroup ofl,, whose identity is a projectioa of rankt is a cyclic group of ordet.
Indeed, suppose thit < k; < --- < k are the elements of dogmand let¢ € 2, be 77 -related
with e. In & there exists a unique through string of the foikm k7}. From the annular condition
it follows that the remaining — 1 through strings of are precisely

{k2’ k;”+1}7 cee {kt*f+l’ k{’}7 {kt*f+2s k;]_} cee {kt’ ké‘_l}

while the inner and outer strings éfare those of. Taking into account (1.5), we observe that
& = 771, wherer consists of the through strings

{ke, Ko} {ko, kg, - . ke, Kq)

together with the inner and outer stringssofObviously,r! = £ and the order of ist.
In the following we shall obtain some facts abouH] in casen is even.

Lemma 2.2. If {i, j} [respectivelyi’, |’}] is an outer[inner] string of an element iRy, then
j —iis odd.

Proof. Suppose that > i. On the circuit, only points either betweeand j or betweenj and
i (in, say, counterclockwise orientation) can be involvethiough strings. In the first case, all
points betweerj andi must be involved in outer strings hence the number of poieta/éen;
andi is even; since the total number of points is even, this insglatj —i is odd. In the second
case, by the same reason there must be an even number oflptineseri and j whencej —i is
odd, anyway. O

This enables us to obtain the next result.

Lemma 2.3. Leta = &1 - - - &¢ € RAom be a product of projectionss. Then for each through string
{i, '} of a, the djference |- i is even.

Proof. The proof is by induction ok, the cas& = 1 being trivial. So, suppose thiat- 1 and
setf = e1...61 ande = & Let{i, |’} be a through string iBs. By the definition of the
multiplication, there exisko, ki, . . ., kx € [n] such that

i Bk, koeky, K BK, ... Ky 1 BKy, kot e .

Sincee is a projection andky, j’} is a through string, we have; = j. Hence
2t
== ) (ks = Ks) + (ko — ).
s=1

By the induction assumptiolg — i is even sincdi, ky} is a through string i8. By Lemma 2.2,
eachks,; — ks is odd. Consequently, the suﬁﬁ_l(ks — ks-1), containing an even number of odd
summands, is even. O

For the next result note that for agiye 2lom oOf rankt, if ky < k; < --- < k are the elements
of the domain of, thenk;,; — k; is odd for each < t — the argument is similar to that in Lemma
2.2. Since necessarily is evet — k; is also odd.
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Corollary 2.4. Leta € 2,m be a product of projectiong; having domain k< k, < --- < k and
range K <k, <--- < k. If {ki, k}} is a through string ofy, then j—iis even.

Proof. Suppose thaf > i; by Lemma 2.3k; — k; is even. Since

kj — ki = (kj = Kj-1) + -+ + (kiss — k) (2.1)
and each summand on the right hand side of (2.1) is odd by tneaemark, there must be an
even number of summands in that sum and that number coingities — i. O

This allows us to obtain the principal result in this context

Corollary 2.5. For each even number n, each maximal subgroup(@f,) has order less than
n

5
Proof. Each non-trivial maximal subgroup of ®If) is isomorphic to the group?-class (in
H(2l(,)) of some projectiorz # 1. Lett be the rank ok (which is even) andy < k; < --- <

ki be the elements of the domain @f Let t € 2, be defined by having the through strings
{ki, K}, ..., k., K} and all inner and outer strings the samesdthat is, 7 is 77’-related in2l, to

g). Clearly,r has ordet and generates the grou’-class ofe in 2,. Now lete € H(2,) be a
generating element of the groug’-class ofe in H(2(y); thena ande have the same domain and
range. There exists a unigsesuch thatki, k, ,} is a through string im. By Corollary 2.4,sis
even. By the annular condition, all the remaining througimgs of« are of the form

{k2’ k’s,+2}’ cees {kI—S’ kt/}s {k[—S-»‘-l’ k;]_} LR {kts k/s}
Then

a=15= (7'2)%
whencex lies in the subgroup generated B3, The order ofr? is % hence the order af is at
most$ which is less thar. O

Altogether we are able to detect a groupvam 2, that is not invar H(2(,,):
Corollary 2.6. For each even number n there exists a groupan?l,, that is not invar H(2(,,).

Proof. We have seen that all cyclic groupsviar H(2(,) have even order less thgn On the other

hand, each cyclic group of even order umtbelongs tovar 21,,. In order to find a (cyclic) group
in var 2(, that is not invar H(2(,) it suffices to find an even numbkr< n that does not divide
the least common multiple of all even numbers less thaRor suchk we may take the largest
power of 2 which is less than or equalrio O

Since, for anyn, all maximal subgroups of K(,) have order at mogt — 2, by the same
reasoning as in Corollary 2.6, the next result is immediate.

Corollary 2.7. Let n be a prime power; then the cyclic group of order n belotogegar 21, but
not tovar H(2Ly).

Finally, we show that the casagven or a prime power are the only ones for which there is a
group invar 2, that is not invar H(2(,)). Therefore, our methods are applicable precisely in these
cases.

12
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Figure 3: A cycle of ordet as a product of projections i,

Proposition 2.8. If n is odd and not a prime power then the groupsan2(,, andvar H(2(,) are
the same.

Proof. Every element ofl, has odd rank. Lett< nbe odd. We define projectioss, &1, .. ., &1
as follows. Eaclz;, i = 0,1,...,t + 1, has the outer strings + 3,t + 4},...,{n— 1,n} and the
corresponding inner strings; besides those, the projeetdias the outer stringfl, t + 2} and
the inner string’, (t + 2)'} and each of the projections, i = 1,...,t + 1, has the outer string
{i,i + 1} and the outer string’, (i + 1)'}. Finally, all remaining elements ¢f] are involved in
the through stringgk, k'}.

One then readily verifies (see Fig. 3) that &, 15t - - e0et11 has the same inner and outer
strings as:;1 hencex 77 g,.1. Moreover, the through strings afare

{1,3},{2,4},... {t—-1L 1} {t,2'}.

Via (1.5), a realizes the cyclic permutatidn— k + 2 (modt) which has ordet sincet is odd.
Thus, for each odtl< n, the semigroup HY,) contains a cyclic group of ordéas an involutory
subsemigroup. The maximal subgroupspfare precisely the cyclic groups of odd order at
mostn. So, we have already shown thair H(2(,) contains each maximal subgroup2hf, with
the possible exception of the group of unitsf which is cyclic of ordem. Sincen is not a
prime powern = k¢ for some co-prime numbeks¢. As already pointed out, the cyclic groups

13



Cx andC, of ordersk and¢, respectively, belong tear H(2(,,) whence so does the cyclic group
of ordern which is isomorphic ta@y x C,. O

Corollary 2.9. There exists a group imar 2, that is not invar H(2,)) if and only if n is even or
a prime power.

In contrast to the ordinary annular case, it is no longer thae there is a group imar P2,
that is not invar H(P2(,)) for each evem. The fact that some elements[of need not be involved
in any string gives the projections more freedom to gainicymérmutations in Hp2l,), as the
following result demonstrates.

Proposition 2.10. For each n> 5 and t < n — 3 there exists a cyclic subgroup of order t in
H(P2Ly).

Proof. For oddt this follows immediately from Proposition 2.8. For evieihcan be shown that
the elementr consisting of the through strings

{1,2'},{2,3},....{t- Lt'},{t, 1}

along with the outer stringt+2, t+3} and the inner string(t+2), (t+3)'}, and else having no
other strings can be written as a product%bﬁr 4 projections, see Fig. 4. Clearly,realizes a
cyclic permutation of ordet. O

From this we obtain:

Corollary 2.11. If n ¢ {pX, p*+ 1, 2+ 2} for each prime p and eachx 1, thenvar H(P(,) and
var P2l contain the same groups.

Proof. We may assume that> 15. As already mentioned, the variety of all groupsain P2(,,

is generated by all cyclic groups of orders at msBy Proposition 2.10, all cyclic groups of
orders at mosh — 3 belong tovar H(P2l,). Sincen is not a prime power it can be factored as
n = k¢ with k, £ co-prime andk, ¢ < n— 3. Since the cyclic groups of ordkrand¢ belong to
var H(P2l,,), so does the cyclic group of order The same reasoning applies to the cyclic group
of ordern — 1. Consider finally the case of— 2. By assumptionn — 2 either is an odd prime
power or has at least two distinct prime factors. In the foroese the claim follows from the
proof of Proposition 2.8 and in the latter case the argunsetitd same as forandn — 1. O

On the other hand, the converse of Corollary 2.11 also holds.

Proposition 2.12. If n € {pX, p* + 1, 2% + 2} for some prime p and some positive integer k, then
there exists a group imar P2, which is not invar H(P2,).

Proof. The casen = pX is obvious. Since the product of any twiistinct projections of rank
n -1 has rank less tham— 1, the groups#’-class in HP2l,,) of any projection of rank — 1 is
trivial, implying the claim for the case = p* + 1.

Finally, in casen = 2¢ + 2 we show that the cyclic group of ordef 2 n — 2 is not in
var H(P2l,). Lete be a projection of rank — 2 containing the outer string, i + 1} and the inner
string{i’, (i + 1)’} and lete° be the projection obtained fromby removing these two strings. If
n is a projection of rank — 1 such thate has rankn — 2, thenne = £°¢ (and likewisesn = &&°).
Hence, ifa is a product of projections and of ramk— 2 then we may assume that all these
projections have rank — 2. Moreover, any product of two distinct projections of ramk 2 that

14



GT

Ui suonnoaload Jo 19npoud e se 19plo Jo 319420 v 7 ainbi

2

3
t-2
t-1

t
t+1e

Sin

|

€3

&4

&5

o L
Ex E3t E3t E
5 7+l\-/ 542 \-/ 43 5 +4

. . o .
Est Est Est Est
S+l 3542 “543 “5+4



have only through strings has rank less timan 2. Finally, letes, &2, €3 be projections of rank
n — 2 such thak; andez have outer and inner strings bt does not. Ife;e,63 has rankn — 2
thene; = g3 andeier63 = €183 = &1.

Let a be of rankn — 2 and assume that it is a product of projections= ey - &. The
observations in the preceding paragraph imply that in aidive may assume that has rank
n-2foreachi = 0,...,r and thatey, ..., &_1 have inner and outer strings, thatds, ..., &1
belong to2,. Assume further that is contained in a subgroup of R{(,)). We intend to prove
that the order o is at most’%2 = 21, For this purpose we may assume thas .7-related to
a projectiore. This implies immediately thaty = ¢ = &.

Now consider two cases: (#has an inner and an outer string, thatsifelongs td(,,, and
(ii) € has only through strings, that is,does not belong tél,. In the first caseq belongs to
H(2l,) and so the order af is at most”;z2 by Corollary 2.5.

In the second case, we get = &_1 ande = &] sincese; as well ase;_1e have rank
n — 2. From this it follows that the sdk, 1, €€1, €16} forms a 2x 2-rectangular band under
multiplication. In particularg ande; are Z-related in HP2L,,). Green’s Lemma implies that the
order ofa is the same as the order &fawe; = &1 --- &_1. The latter element belongs to ¥),
so its order is at moég—z, again by Corollary 2.5. Since no group element of rank leasr — 2
can have orden — 2 we actually have shown that P(,)) does not contain a group element of
ordern—2 = 2K,

Altogether, the cyclic group of orde delongs tovar P2L, but not tovar H(P2l,), just as
required. O

Having thus completely examined when condition (i) mergaim the introduction to Sec-
tion 2.1 is fulfilled we turn to condition (ii).

2.1.2. Membership dk3
In order to complete the results which make an applicatiohheforem 1.1 possible, we need
to check membership of.

Proposition 2.13. The regular*-semigroupk; is contained in

1. var &, for each n> 2,
2. var Pl, C var P93, for each n> 3,
3. var®l, C var B, for each n> 4.

Proof. In the first case, consider the regutasubsemigroufi{; of €, generated by the projec-
tions of rank 1 — these are

{11,229 ({1, 1) {25 {2, ({11, (1), {2, 27)).

It is easy to calculate thdi/; contains 13 partitions: 9 of rank 1 and 4 of rank 0. Ehelass of
U, consisting of partitions of rank 1 is shown in Fig. 5 where ittfempotents are marked with
*.

Now it is clear that if one factorg/; by the ideal of all elements of rank 0, then the resulting
regular*-semigroup is isomorphic t&3. Thus, K3 belongs to the varietyar ¢,, and hence, to
the varietyvar €, for eachn > 2.

16
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Figure 5: The uppe®-class of the subsemigrod; of ¢;

For the second case consider the involutory subsemigigupf P2(; generated by the pro-
jections

{{1L.11,{2,3},{2, 3}},
{{1.2,{1,2'},{3,3'}},
{L 1} {21{2'), {3}, {3'}}.

Again it is easy to calculate thdl, contains 9 partitions of rank 1 and 9 partitions of rank 0.
The partitions of rank 1 form a regul&-class depicted in Fig. 6. As above, the idempotents are

SRS

® X <: °
[ ] [} [} [ ]
Figure 6: The uppef/-class of the subsemigrod, of P23

Again, it follows that the quotient ot{, by the ideal of all elements of rank 0 is isomorphic
to K. We see that; belongs to the varietyar P2l3, and hence, to the varietiear PX(, and
var P93, for eachn > 3.

Finally, for the third case consider the involutory subsgmiip 43 of 2[4 generated by the

17



projections

{L1,{2,3},{2, 3}, {4, 4'}},
{{L1},{2,2'},{3,4), {3, 4'}},
{11,241, 2}, {3, 3}, {4.4'}}.

It can be easily shown thdi/; contains 13 partitions: 9 of rank 2 and 4 of rank 0. (Actually,
one can observe thdfs is isomorphic tol{, where the isomorphism is induced by the following
mapping of the base sets:2l— 1;3 4+ 2;1,2 — 1’and 3,4 — 2'.) Fig. 7 presents the top
9-class ofUs consisting of the partitions of rank 2.
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Figure 7: The uppef-class of the subsemigrougz of 24

Thus, factoringl{s by the ideal of all elements of rank 0, one gets a regtisemigroup
isomorphic tok;. Therefored; belongs to the varietyar 214, and hence, to the varietiear 21,
for all evenn > 4 (recall that there is an embeddifg — 2., of regular«-semigroups) and
var B, for eachn > 4.

It remains to verify thatks belongs to the varietyar 2(s (as then it also belongs to all the
varietiesvar 2, with oddn > 5). Here an obvious modification of the above constructiorkgio
namely, we add to each of the 13 partitions formiidg the new through stringb, 5'}. It is easy
to see that the resulting 13 partitions liedg and form an involutory subsemigroup isomorphic
to Us. O

We can summarize the results obtained so far in this sectidollaws.

Theorem 2.14. The following regular:-semigroups are not finitely based:

1. ¢, forn> 2,

2. PB,forn> 3,

3. B, forn > 4,

4. 2, for n > 4, n even or a prime power,

5. P2, for n > 3, n of the form2X + 2, pf or p* + 1 for a prime p and k> 1.

Proof. From Proposition 2.1, Corollaries 2.6 and 2.7, and Projoosit2.12 and 2.13, it follows
that Theorem 1.1 applies in each case. O
18



Given this result, the question arises what happens in thesazot covered by Theorem 2.14.
First of all, we may formulate

Problem2.2 1. Is the regular-semigroul, nonfinitely based, wheneis odd, not a prime
power?
2. Is the regular-semigroupP2(, nonfinitely based fon ¢ {2 + 2, p¥, p* + 1} (p prime,
k>1)?

Remaining are now only some cases for smalh casen = 1 we have:5; = 2, is the trivial
semigroup which is of course finitely based @8, = P2l is the two element semilattice (with
trivial involution) which is also finitely based. In case= 2, B, = 2, is a Clifford semigroup
(a cyclic group of order 2 with zero adjoined) which is finjtddased, andP2%, = P2(, which
turns out to be an ideal extension of & 2 rectangular band (with involution) by the symmetric
inverse semigroup of rank 2 — we do not know if this is finitegskd. Finally, in case = 3
we observe tha®3; is an ideal extension of a8 3 rectangular band (with involution) by the
symmetric groupSsz and®l3 is an ideal extension of a:83 rectangular band (with involution)
by the cyclic group of order 3 — in neither case we know the ans®o we may formulate

Problem2.3. Are the regula-semigroups5, = P2l,, B3, s finitely based?

2.2. The ‘skew’ involutioA

In the case of the ‘skew’ involutiohwe are in the lucky position to be able to apply the tool
presented in subsection 1.1.2 (except for a few cases will ajn

Theorem 2.15. 1. For each n> 2 the involutory semigroups R, Pl,, P83, €, are inher-
ently nonfinitely based (with respect”p
2. For each n> 4 the involutory semigroupd,, 2Ly, B, are inherently nonfinitely based (with
respect t@).

Proof. (1) SincePJ, < P2, < P9, < ¢, andPgJ, < PJn.2 for all n, Theorem 1.2 implies that
it is sufficient to verify thatPJ, as well asPJ3 contains an involutory subsemigroup isomorphic
with the twisted Brandt monoid. For the case- 2 consider the elements &, depicted in

Fig. 8.
. . — o . . . . — o
N
Figure 8: The twisted Brandt monoid ®{,

This set forms an involutory subsemigroupRif, with respect t&@. The mapping that sends
each of these elements in the given order to the matricea giveL.2) (in the order given there)
turns out to be an isomorphism of involutory semigroups. thercasen = 3 the same can be
done with the members ¢fJ3 depicted in Fig. 9.

SEREEREEEES

Figure 9: The twisted Brandt monoid R{j3
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(2) SinceJ, < An < By, andJ, < Jne2 for all n, by Theorem 1.2 it sflices to show thad,
as well asys contains an involutory subsemigroup or divisor isomorphiit the twisted Brandt
monoid; here “divisor” means a homomorphic image of an intaly subsemigroup. In the case
n = 4, the same observation as in (1) applies to the elemeritsdépicted in Fig. 10.

s 3 i
% *————o

o e e < P

Figure 10: The twisted Brandt monoid jin
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Figure 11: The twisted Brandt monoidvar Js

In casen = 5 consider the involutory subsemigroup ®f generated by the elements of
Js depicted in Fig. 11, add the identity elementysfand factor by the ideal consisting of all
elements of rank one. The result is again an involutory sesajgisomorphic withTB%. O

For the remaining cases of smalive note thatJ; = PRl; = PB; = ¢, is a two element
semilattice with trivial involution which is finitely based/loreover,Jj; = 21; = 93, is the trivial
involutory semigroupgJ, = PJ; is the two element semilattice with trivial involutio®, = 5,
is a cyclic group of order 2 with an extra zero element adingth trivial involution; Js is
a 2x 2 rectangular band with an extra identity adjoined, the lution satisfying the identity
x = x¥’x — all of these are known to be finitely based. So we are left withfollowing two
involutory semigroups:

Problem2.4. Are the involutory semigroup3z and®3; (with respect t@) finitely based?

3. Further applications

3.1. Unary Rees matrix semigroups

We had used in [6] unary Rees matrix semigroups as a tool iprib&f of Theorem 1.1; in
turn, here we shall show that this theorem allows one to gbkdinite basis problem for a large
family of unary Rees matrix semigroups.

An | x I-matrix P = (p;;) overg U {0}, whereg is a group, is callethlock-diagonalizablef
there exists a partition of the setl such thatp;; # 0 if and only ifi 7 j. If one defines a graph
I'(P) on the set in which two distinct vertices and j are adjacent if and only ip;; # 0, then
it is clear that block-diagonalizable matrices correspmngraphs whose connected components
are cliques (i.e. complete graphs). We say &t «-regularif for all i, j € I, one hap; = pﬁl
wheneverp;; € G andp; = e, wheree is the identity element of. (Recall that this property
ensures that the unary Rees matrix semigrddfifl, G, I; P) is a regular-semigroup.)

Theorem 3.1. Let P be an Ix I-matrix overG U {0}, whereG is a group. Suppose that P is
regular and not block-diagonalizable. ¢ does not belong to the group varietsr H, whereH
is the subgroup generated by the non-zero entries of P, treeimtolutory Rees matrix semigroup
MO(1, G, 1; P) is not finitely based.
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Proof. Let P = (p;j). SinceP is not block-diagonalizable, there is a connected compo@en
I'(P) which is not a clique. Le® be a maximal clique i€. AsC is connected, there exigte Q
andjp € C\ Q such thaig and jg are adjacent. At the same time, there should be a v&gtexQ
such thatjg andkg are not adjacent — otherwi€gu { jo} would make a larger clique i@. Thus,
the submatriXPy of P corresponding to the s&f = {ig, jo, ko} is of the form

e g h
Po=97190

ht 0 e

whereg = pij,,h = Pik, PelONg toG. The unary Rees matrix semigrod®(lo, G, lo; Po) is
then a unary subsemigroup Mm°(l, G, |; P), and the obvious homomorphisgr — &, where
& = (¢} is the trivial group, extends to a unary semigroup homomisrplirom M°(lo, G, lo; Po)
onto%s. Thus, % belongs to the varietyar M%(1, G, |; P).

The Hermitian subsemigroup W(°(1, G, I; P)) of M°(l,G,1;P) is generated by the ele-
ments {, e i) wherei runs overl. This implies that the group coordinates of triplegyj) in
H(MO(1, G, 1; P)) belong to the subgroup{ generated by the non-zero entriesRf Hence
H(M®(1, G, 1; P)) is a unary subsemigroup of the unary Rees matrix semigndff, . |; P).

It is not hard to see that each group in the varietyM°(I, H, | ; P) belongs to the group variety
var H. Sinceg does not belong tear H but obviously belongs tear M°(1, G, 1; P), we are in
a position to apply Theorem 1.1. O

A comprehensive treatment of the finite basis problem foryiRees matrix semigroups
forms the subject of a paper by M. Jackson and the third a(itt3r

3.2. Varietal joins

Recall that thgoin V v W of two varietiesV andW is the least variety containing both
andW. We show how Theorem 1.1 can be used to produce interestargmgs of non-finitely
based joins of varieties of involutory semigroups.

Denote byCSR* the variety generated by the regufasemigroupX; (that is, the variety
of all combinatorial strict regular«-semigroupssee [2]) and let be the variety of all inverse
semigroups.

Theorem 3.2. LetK andA be varieties of involutory semigroups such that:

1. K containsCSR¢,
2. A consists of inverse semigroups and contains a group notgwed inH(K).

Then no variety in the intervdCSR* v A, K v 1] is finitely based.

Proof. Let S € K v I; then there existK € K, 7 € | such thatS divides(that is, S is a
homomorphic image of a substructure @f)x I whence HE) divides H{K) x H(Z). Observe
that H(Z) is a semilattice (with trivial involution). Further, siadd(k3) = K3 andCSR* € K
we haveCSR* = H(CSR") ¢ H(K) so that HK) contains all semilattices with trivial involution
sinceCSR* does so. Altogether, we have &) € H(K), that is HK v I) = H(K), and thus, for
any varietyV in the interval CSR* v A,K Vv ], we have HY) € H(K). By assumption (2),
there exists a group iA C V that is not in HK) 2 H(V). Thus, Theorem 1.1 applies to the
variety V. O
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The conditions of Theorem 3.2 are obviously fulfilleddSR* ¢ K andA contains a group
that is not inK; so, for examplek = [x™ = xX™"] for fixed n > 1 andm > 2 andA = G (the
variety of all groups) meet the requirements. We mentionThaorem 3.2 holds more generally
for varieties ofunary semigroups — it is not really required that the unary operaih question
be an involution.

Recall that a variety of algebraic structures is@ross varietyif

1) V is generated by a finite structure,
2) V contains only finitely many subvarieties,
3) V is finitely based.

For an interesting treatment of Cross varieties of plainigesaps consult Sapir [36]. The variety
CSR' is a Cross variety, see [2, Theorems 5.1 and 5.2, Corollay Blow letA, denote the
variety of all abelian groups of exponem{p is a prime number); clearly , is a a Cross variety.
By [2, Corollaries 5.4 and 6.5], the joldSR* v A, contains only fourteen subvarieties; however,
by the above remark, the join is not finitely based and theeefonot a Cross variety. We thus
have a simple example of two Cross varieties whose join ia@bss variety. A plain semigroup
example of this kind found in [36, Corollary 2.1] is much mameolved (with 39 subvarieties).

4. Existence varieties of locally inverse semigroups

In this section we give an application to existence varsetiethe method of proof of Theo-
rem 1.1. Recall that aaxistence varietyshortly e-variety of regular semigroups is a class of
regular semigroups closed under taking direct produetgjlar subsemigroups and homomor-
phic images. This section assumes the reader’s acquaintetit some basics of the theory of
regular semigroups.

While research into the structure of regular semigroups \aascplarly active in the 1970s
and early 1980s, a universal algebra approach for regutaigseups has been introduced at the
end of the 1980s by Kadourek and Szendrei [15] for orthodmxigroups, and, independently,
by Hall [11, 12] for regular semigroups in general. We shatiall the basic definitions and
results necessary to understand the following treatmeot. fufther information consult the
papers [15, 11, 12, 42, 3, 4].

A regular semigrouS = (S, -) is locally inverseif for each idempotene of S, thelocal
submonoid eSis an inverse semigroup. The clddsof all (regular) locally inverse semigroups
is a typical example of an existence variety. Observe thasReatrix semigroups over groups are
locally inverse (moreover, in such a semigroup each lodatsunoid is a group with 0 adjoined
or the trivial group).

It is known [30, Theorem 7.6] that a regular semigrdfs locally inverse if and only if for
any twox,y € S the setxV(yx)y is a singleton (as usuaV(z) denotes the set of all inverses of
the element). This gives rise to theandwich operatiorn that can be defined on any locally
inverse semigroup by settingA y to be the unique element a/(yX)y, so that in this context,
locally inverse semigroups are treated as algebras of 823. (

As explained in [3, 4], the adequate concept of equatioredrghfor e-varieties of locally
inverse semigroups is based on the signatyre} and is with respect to a doubled alphabet
XU X’. HereX is, as usual, a countably infinite set of variables aid= {X' | X € X} is a
disjoint copy ofX; the elements oK’ are devoted to represent inverses of the elements which
are represented by the elementsXof The terms are over this extended alphabet and are in
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the signaturg-, A} where- stands for the associative operation of multiplication anfbr the
sandwich operation. Given a tem(xy, ..., X, X, ..., X;) of this kind, a value of that term in
the locally inverse semigroup is obtained by substituting the variablgsx by elementss, s

in S in such a way that eacH is an inverse of. (In this evaluation it definitely may happen
that distinct variables, y, say, will be substituted with the same elementvhile the formal
inverses<’ andy’, respectively, are substituted with distinct inverseands’, say, ofs.) Given
this notion of evaluation of terms in a locally inverse semig, it is clear what it means that
a locally inverse semigrou§ satisfiesa bi-identity u= v of terms of that kind. The following
Birkhoft type theorem then holds [3].

Theorem 4.1. A classV of locally inverse semigroups is an e-variety if and onlyi$ idefinable
by bi-identities, that is\y consists of all locally inverse semigroups that satisfy daie set of
bi-identities.

Now call a setB of bi-identities abasisof V if a locally inverse semigrous is a member
of V if and only if S satisfies all bi-identities oB. This semantic notion of basis is equivalent
to a syntactic oneB is a basis ol if and only if B axiomatizes théi-equational theoryvhich
is the set of all bi-identities over a (fixed) countable irtBngetX of variables satisfied by all
members ofV. The latter means that each bi-identity satisfied by all mesilofV can be
derived, using natural deduction rules, from the bi-idesgiof B U B(LI) whereB(LI) is a basis
for the bi-equational theory of the class of all locally inse semigroups. A set consisting of four
independent bi-identities which may serveB{&l) has been found in [4]. For more analogues
between the theory of e-varieties of regular semigroupsvaniéties of universal algebras see
[3, 4, 15, 42].

The objective of this section is to obtain an analogue of Té@ol.1 giving a sfiicient
condition for an e-variety of locally inverse semigroups to have no finite basis of liities?
Let S be a locally inverse semigroup aagl ..., ax € S. For each take an elemerd/ € V(a).
Then the closure of the si, ..., &, &, ..., a} under multiplication and sandwich operation is
a locally inverse subsemigroup8f and is the least locally inverse subsemigrou ebntaining
the set{ay,...,ac. &,,...,a} (by [42]). We call such a subsemigroupkegeneratedocally
inverse subsemigroup &. Define thecontent ¢t) of a termt inductively byc(x) = ¢(X') = {x}
andc(uv) = c(u A V) = ¢(u) U c(v). In order to prove that an e-varie¥y has no finite basis of
bi-identities it is stficient to prove for each natural numbethe existence of a locally inverse
semigroup7y such that7y ¢ V but 7y satisfies each bi-identity = v that holds inV and for
which |c(u) U ¢(V)] < k. The latter is equivalent to the property that e&etpenerated locally
inverse subsemigroup (as defined above) is containgd in

For each e-variety/ denote by C{) the sub-e-variety oV generated by all idempotent
generated members &f. We also need the 5-element Rees matrix semig@ypwith the

sandwich matrix
0 e
9 )

We are ready to formulate an e-variety analogue of Theorém 1.

Theorem 4.2. LetV be a locally inverse e-variety containing the semigrofip If V contains
a group which is not irC(V) thenV has no finite basis for its bi-identities.

2The reader may note that by an argument similar to that in thef pfderoposition 2.9 in [6] it can be shown that
there do not exist inherently nonfinitely based e-variatidscally inverse semigroups.
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Proof. This can be proved in a manner similar to the proof of Theoreéhir?[6]. As mentioned
above, we have to prove, for eakhthe existence of a locally inverse semigrofpsuch that
Tk ¢ V but eactk-generated locally inverse subsemigrouy@fis contained irV.

Let G be a group irV that is not contained in ®). Since there must be a bi-identity which
holds in C¥) but fails inG, we may assume thgt is generated by finitely many elements, say
01, ..., 9m, and for convenience we may assume that this set of gengiatcosed under taking
inverse elements and so generaess a semigroup. Next, |§% be the Rees matrix semigroup
in the proof of [6, Theorem 2.2], but with = 2k + 1 being replaced witim = 4k + 1. In that
proof it has been shown that,;, mn) € (E(7y)) for j = 1,...,m (here(E(7%)) denotes the
idempotent generated subsemigrougf. It follows that{l} x G x {mn} € (E(7%)) whence
(E(7%)) contains a subgroup isomorphicgo ConsequentlKE(7)) ¢ C(V) which implies that
Tk ¢ V.

Finally, consider ank-generated locally inverse subsemigroup7qf that is, choose ele-
mentsay, ..., &, d,...,a, € Ty such thaty € V(a) for eachi. Let7 be the locally inverse
subsemigroup generated B4, ..., a. &, ..., &} (thatis, the closure of that set under multipli-
cation and sandwich operation). It is clear that at m&shdices of{1, ..., nm} can occur in the
triple representation of the elemertsanda/. Therefore, analogously to the unary case proved
in [6, Theorem 2.2], there exist numbers. .., A, such that

l<lhi<sn<p<2n<...M-1N<An<mn

and7 is contained in the semigroup(4s, ..., Am). Again as in Section 1, we can show that
Tk(A1, - .., Am) isisomorphic to a homomorphic image of the direct prodgxZ{y of the groups
and a completely 0-simple semigro@{x with trivial subgroups. Novg € V by our assumption
andUy € V by a result of Hall [12] becausé containsA,. This completes the proof. O

Theorem 4.2 can be in particular applied to certain joins-vhiéeties. Here is an example.
Denote byCSR the e-variety generated by the semigradp and by Gl the e-variety of all
orthodox locally inverse semigroups (these semigroupsofies calledgeneralized inverge
The proof of the next corollary is analogous to that of TheoB2 and is left to the reader.

Corollary 4.3. LetK andA be locally inverse e-varieties such that:

(1) K containsCSR,
(2) A consists of orthodox semigroups and contains a group ndagoed inC(K).

Then no e-variety in the intervfCSR v A, K v Gl] is finitely based.
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