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Abstract

We employ the techniques developed in an earlier paper to show that involutory semigroups
arising in various contexts do not have a finite basis for their identities. Among these are partition
semigroups endowed with their natural inverse involution,including the full partition semigroup
Cn for n ≥ 2, the Brauer semigroupBn for n ≥ 4 and the annular semigroupAn for n ≥ 4, n even
or a prime power. Also, all of these semigroups, as well as theJones semigroupJn for n ≥ 4, turn
out to be inherently nonfinitely based when equipped with another involution, the ‘skew’ one.
Finally, we show that similar techniques apply to the finite basis problem for existence varieties
of locally inverse semigroups.
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Introduction

One of the most fundamental and widely studied questions of general (universal) algebra is
whether the equational theory EqA of an algebraic structureA is finitely axiomatizable. Let
Σ be a set of identities holding inA such that every identity from EqA is a consequence ofΣ;
suchΣ is called an(equational) basisof A. So, the question just formulated (usually referred
to as thefinite basis problem) asks if there is a finite basis for the identities ofA. If this is
indeed the case, thenA is said to befinitely based, while otherwise it isnonfinitely based. Being
very natural by itself, the finite basis problem has also revealed a number of interesting and
unexpected relations to many issues of theoretical and practical importance ranging from feasible
algorithms for membership in certain classes of formal languages (see [1]) to classical number-
theoretic conjectures such as the Twin Prime, Goldbach, existence of odd perfect numbers and
the infinitude of even perfect numbers (see [35] where it is shown that each of these conjectures
is equivalent to the finite axiomatizability of the equational theory of a particular groupoid).

Perhaps the most influential question which motivated the development of the area was for-
mulated by Alfred Tarski, who asked if there is an algorithm to determine whether a finite algebra
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in a finite signature is finitely based. TheTarski problem—as it became known later—was first
reduced to the case of groupoids (algebras with a single binary operation) by McKenzie in [27]
and later solved in the negative [28]. This negative solution makes the finite basis problem for
various types of algebras particularly interesting and adds to its significance. Some classes of
algebras have the property that all of its finite members are finitely based: for example, such are
groups [33], associative rings [17, 21], lattices [26] and commutative semigroups [34]. On the
other hand, there are important classes of algebraic structures —such as semigroups—in which
the instance of the Tarski problem is yet unsolved: it is not known if the set of isomorphism
types of finite semigroups with a finite basis is recursive. For an overview of the rather diversi-
fied landscape of the finite basis problem for finite semigroups (as of the year 2000) we direct
the reader’s attention to the survey article [39] by the third author.

This paper builds upon a previous publication [6] of the authors, where ‘unary versions’ of
two classical approaches to the finite basis problem for semigroups were developed, namely,
the critical semigroup method and the method of inherently nonfinitely based semigroups (both
presented in the survey [39]). The main field of application in [6] was concerned with matrix
semigroups over finite fields endowed with matrix transposition as unary operation. The authors
were able to show that no such involutory semigroup (aside from the obvious trivial cases) does
have a finite equational basis and, moreover, they completely classified the cases when these are
inherently nonfinitely based. In this paper we exhibit further applications of the methods from
[6]. These methods will be briefly reviewed in the next section. Our main theme of application,
presented in Section 2, involve partition semigroups endowed with their natural inverse invo-
lution as a fundamental operation. Considered are the Brauer semigroup [7], the full partition
semigroup [23] and the annular semigroup [14]. In addition,these semigroups as well as the
Jones semigroup [37] are also studied when equipped with another—‘skew’—involution. All of
these semigroups originally arose in representation theory and gained much attention recently
among semigroup theorists. Section 3 contains some other applications, including joins of invo-
lutory semigroup varieties. Finally, in Section 4, we demonstrate how the approach of critical
subsemigroups applies to so-called existence varieties oflocally inverse semigroups.

1. Preliminaries

1.1. Identity bases

Throughout the paper we assume reader’s familiarity with the most basic concepts and results
of the theory of varieties such as the HSP-theorem, see, e.g., [8, Chapter II]. As far as semigroup
theory is concerned, we adopt the standard terminology and notation from [9].

By an involutory semigroupwe mean an algebraic structureS = 〈S, ·, ∗〉 of type (2,1) such
that the binary operation· is associative, while the unary operation∗ satisfies the identities

(xy)∗ = y∗x∗, (x∗)∗ = x .

In other words, the unary operationx 7→ x∗ is an involutory anti-automorphism of the semigroup
〈S, ·〉. If, in addition, the identityx = xx∗x holds,S is said to be aregular ∗-semigroup. Each
group, subject to its inverse operationx 7→ x−1, is an involutory semigroup, even a regular∗-
semigroup; throughout the paper, any group is considered asa unary semigroup with respect to
this inverse unary operation.

In order to conveniently formalize the notions related to identities of involutory semigroups,
we employ thefree involutory semigroupFI(X) on a given alphabetX. It can be constructed as
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follows. Let X = {x∗ | x ∈ X} be a disjoint copy ofX and define (x∗)∗ = x for all x∗ ∈ X. Then
FI(X) is the free semigroup (X ∪ X)+ endowed with an involution∗ defined by

(x1 · · · xm)∗ = x∗m · · · x
∗
1

for all x1, . . . , xm ∈ X∪ X. Elements ofFI(X) are referred to asinvolutory wordsoverX. By an
involutory semigroup identity over Xwe mean a formal expressionu = v whereu, v ∈ FI(X).
An involutory semigroupS = 〈S, ·, ∗〉 satisfiesthe identityu = v if the equalityϕ(u) = ϕ(v)
holds inS under all possible homomorphismsϕ : FI(X) → S. GivenS, we let EqS be the set
of all involutory semigroup identities it satisfies. For anycollectionΣ of involutory semigroup
identities, we say that an identityu = v followsfrom Σ or thatΣ implies u= v if every involutory
semigroup satisfying all identities ofΣ satisfies the identityu = v as well.

With such a notion of the consequence relation between identities, the definitions of a finitely
based and a nonfinitely based involutory semigroupS apply (as sketched in the introduction),
depending on whether there is a finite setΣ ⊆ EqS such that all identities in EqS follow from
Σ. Analogous expressions can be introduced forvarietiesof involutory semigroups. The class
of all involutory semigroups satisfying all identities from a given setΣ of involutory semigroup
identities is called thevariety defined byΣ. A variety V is finitely basedif it can be defined by
a finite set of identities, otherwise it isnonfinitely based. Given an involutory semigroupS, the
variety defined by EqS is thevariety generated byS; we denote this variety byvarS. From the
HSP-theorem it follows that every member ofvarS is a homomorphic image of an involutory
subsemigroup of a direct product of several copies ofS. Observe also that an involutory semi-
group and the variety it generates are simultaneously finitely or nonfinitely based.

1.1.1. Critical subsemigroups
To formulate the first of the two tools from [6] that will be utilized here, we first need the

‘involutory version’ of the well-known Rees matrix construction (see [9, Section 3.1] for a de-
scription of the construction in the plain semigroup case).Let G = 〈G, ·, −1〉 be a group, 0 a
symbol beyondG, and I a non-empty set. We formally set 0−1 = 0. Given anI × I -matrix
P = (pi j ) overG ∪ {0} such thatpi j = p−1

ji for all i, j ∈ I , we define a multiplication· and an
involution ∗ on the set (I ×G × I ) ∪ {0} by the following rules:

a · 0 = 0 · a = 0 for all a ∈ (I ×G × I ) ∪ {0};

(i,g, j) · (k,h, `) =

{
(i,gpjkh, `) if p jk , 0,

0 if p jk = 0;

(i,g, j)∗ = ( j,g−1, i), 0∗ = 0.

It can be easily checked that〈(I ×G× I )∪ {0}, ·, ∗〉 becomes an involutory semigroup; it will be a
regular∗-semigroup precisely whenpii = e (the identity element of the groupG) for all i ∈ I . We
denote this unary semigroup byM0(I ,G, I ; P) and call it theunary Rees matrix semigroup over
G with the sandwich matrix P. If the involved groupG happens to be the trivial groupE = {e}
then we usually shall ignore the group entry and represent the non-zero elements of such a Rees
matrix semigroup by the pairs (i, j) with i, j ∈ I .

One particular 10-element unary Rees matrix semigroup plays a key role here. It is defined
over the trivial groupE = {e} with the sandwich matrix


e e e
e e 0
e 0 e

 .
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We denote this involutory semigroup byK3. Thus, subject to the convention mentioned above,
K3 consists of the nine pairs (i, j), i, j ∈ {1,2,3}, and the element 0, and the operations restricted
to its non-zero elements can be described as follows:

(i, j) · (k, `) =

{
(i, `) if ( j, k) , (2,3), (3,2),

0 otherwise;
(1.1)

(i, j)∗ = ( j, i).

For any involutory semigroupS = 〈S, ·, ∗〉we denote by H(S) the involutory subsemigroup of
S which is generated by all elements of the formxx∗, wherex ∈ S. We call H(S) theHermitian
subsemigroupof S. For any varietyV of involutory semigroups, let H(V) be the subvariety ofV
generated by all Hermitian subsemigroups of members ofV. As is easy to verify (see [6, Lemma
2.1]), for every involutiory semigroupS we have H(varS) = var H(S).

The next result is Theorem 2.2 in [6], specialized to the caseof involutory semigroup varieties
(whereas the original theorem holds for more general varieties ofunarysemigroups).

Theorem 1.1. Let V be any involutory semigroup variety such thatK3 ∈ V. If V contains a
group which is not inH(V) thenV has no finite basis of identities.

1.1.2. Inherently nonfinitely based structures
Our second tool from [6] used in this paper involves a sufficient condition on a finite in-

volutory semigroup to beinherently nonfinitely based[29]. Namely, a varietyV is said to be
locally finite if every finitely generated member ofV is finite. A finite involutory semigroup is
called inherently nonfinitely based (INFB) if it is not contained in any finitely based locally finite
variety. Since the variety generated by a finite involutory semigroup is locally finite (this is an
easy consequence of the HSP-theorem, see [8, Theorem 10.16]), the property of being inherently
nonfinitely based implies the property of being nonfinitely based; in fact, the former property is
much stronger.

A particularly important example of an inherently nonfinitely based involutory semigroup
and, in fact our main tool in this context, is thetwisted Brandt monoidTB1

2 = 〈B
1
2, ·,

σ〉, where
B1

2 is the set of the following six 2× 2-matrices:

(
0 0
0 0

)
,

(
1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)
,

(
1 0
0 1

)
, (1.2)

the binary operation· is the usual matrix multiplication and the unary operationσ fixes the ma-
trices (

0 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
1 0
0 1

)

and swaps each of the matrices (
1 0
0 0

)
,

(
0 0
0 1

)

with the other one. The following result can be found as Corollary 2.7 in [6].

Theorem 1.2. The twisted Brandt monoidTB1
2 is inherently nonfinitely based.
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1.2. Partition semigroups

For each positive integern we are going to define:

• thepartition semigroupCn,

• theBrauer semigroupBn,

• thepartial Brauer semigroupPBn,

• theannular semigroupAn,

• thepartial annular semigroupPAn,

• theJones semigroupJn,

• thepartial Jones semigroupPJn.

The semigroupsCn, Bn, An andJn arise as vector space bases of certain associative algebras
which are relevant in representation theory [7, 41, 14, 10].The semigroup structure and related
questions forCn, PBn andBn have been studied recently by Mazorchuk et al., see, for example,
[24, 25, 18, 19, 22, 20].

We start with the definition ofCn, as given in [40]. For each positive integern let

[n] = {1, . . . ,n}, [n]′ = {1′, . . . ,n′}, [n]′′ = {1′′, . . . ,n′′}

be three pairwise disjoint copies of the set of the firstn positive integers and put

[̃n] = [n] ∪ [n]′.

The base set of the partition semigroupCn is the set of all partitions of the set̃[n]; throughout, we
consider a partition of a set and the corresponding equivalence relation on that set as two different
views of the same thing and without further mention we freelyswitch between these views,
whenever it seems to be convenient. Forξ, η ∈ Cn, the productξη is defined (and computed) in
four steps:

1. Consider the′-analogue ofη: that is, defineη′ on [n]′ ∪ [n]′′ by

x′ η′ y′ :⇔ x η y for all x, y ∈ [̃n].

2. Let〈ξ, η〉 be the equivalence relation oñ[n] ∪ [n]′′ generated byξ ∪ η′, that is, set〈ξ, η〉 :=
(ξ ∪ η′)t wheret denotes the transitive closure.

3. Forget all elements having a single prime′: that is, set

〈ξ, η〉◦ := 〈ξ, η〉 |[n]∪[n]′′ .

4. Replace double primes with single primes to obtain the productξη: that is, set

x ξη y :⇔ f (x) 〈ξ, η〉◦ f (y) for all x, y ∈ [̃n]

where f : [̃n] → [n] ∪ [n]′′ is the bijection

x 7→ x, x′ 7→ x′′ for all x ∈ [n].
5



For example, letn = 5 and

ξ =

5

4

3

2

1

5′

4′

3′

2′

1′

, η =

5

4

3

2

1

5′

4′

3′

2′

1′

.

Then

〈ξ, η〉 =

5

4

3

2

1

5′

4′

3′

2′

1′

5′′

4′′

3′′

2′′

1′′

and

ξη =

5

4

3

2

1

5′

4′

3′

2′

1′

.

This multiplication is associative makingCn a semigroup with identity 1 where

1 = {{k, k′} | k ∈ [n]}.

The group of units ofCn is the symmetric groupSn (acting on [n] on the right) with canonical
embeddingSn ↪→ Cn given by

σ 7→ {{k, (kσ)′} | k ∈ [n]} for all σ ∈ Sn.
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More generally, the semigroup of all (total) transformations of [n] acting on the right is also
naturally embedded inCn by

φ 7→ {{k′} ∪ kφ−1 | k ∈ [n]}. (1.3)

If k is not in the image ofφ then {k′} forms by definition a singleton class. The equivalence
classes of someξ ∈ Cn are usually referred to asblocks; therank rk ξ is the number of blocks of
ξ whose intersection with [n] as well as with [n]′ is not empty — this coincides with the usual
notion of rank of a mapping on [n] in caseξ is in the image of the embedding (1.3). It is known
that the rank characterizes theD-relation inCn [24, 19]: for anyξ, η ∈ Cn, one hasξ D η if and
only if rk ξ = rk η.

The semigroupCn admits a natural inverse involution making it a regular∗-semigroup: con-
sider first the permutation∗ on [̃n] that swaps primed with unprimed elements, that is, set

k∗ = k′, (k′)∗ = k for all k ∈ [n].

Then define, forξ ∈ Cn,
x ξ∗ y :⇔ x∗ ξ y∗ for all x, y ∈ [̃n].

That is,ξ∗ is obtained fromξ by interchanging inξ the primed with the unprimed elements. It is
easy to see that

ξ∗∗ = ξ, (ξη)∗ = η∗ξ∗ and ξξ∗ξ = ξ for all ξ, η ∈ Cn. (1.4)

The elements of the formξξ∗ are calledprojections. They are idempotents (as one readily sees
from the last equality in (1.4)) and have the following transparent structure. Ifk is the rank of
ξξ∗ (equal to the rank ofξ), then there is somet ∈ {0,1, . . . ,n− k} and a partition of [n] into k+ t
blocks:

[n] = A1 ∪ · · · ∪ Ak ∪ B1 ∪ · · · ∪ Bt

such that
ξξ∗ = {A1 ∪ A′1, . . . ,Ak ∪ A′k, B1, B

′
1, . . . , Bt, B

′
t }.

Fig. 1 shows a typical projection inC8; herek = 3, t = 2 andA1 = {3,4}, A2 = {5,8}, A3 = {7}
while B1 = {1,2}, B2 = {6}.

87654321

8′7′6′5′4′3′2′1′

Figure 1: A rank 3 projection inC8

From this it follows easily that the maximal subgroup ofCn with identity ξξ∗ is isomorphic
to the symmetric groupSk where the isomorphism betweenSk and the groupH -class ofξξ∗ is
given by

σ 7→ {A1 ∪ A′1σ, . . . ,Ak ∪ A′kσ, B1, B
′
1, . . . , Bt, B

′
t}, σ ∈ Sk. (1.5)
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We note that in the groupH -class of any projection, the involution∗ coincides with the inverse
operation in that group. Sinceξ R ξξ∗, eachmaximal subgroup ofCn is isomorphic to the
symmetric groupSk for somek ≤ n.

Apart from the involution∗, Cn admits another—‘skew’—involution which is defined as fol-
lows: letα be the permutation of [n] that reverses the order, considered as element of the group
of units ofCn. More precisely, letα be the partition

α = {{1,n′}, {2, (n− 1)′}, . . . , {n,1′}}

and define the unary operationρ : Cn→ Cn by

ξρ := αξ∗α.

Sinceα∗ = α andα2 = 1 we get thatρ is indeed an involution onCn. The intuitive meaning ofρ is
that its application rotates the picture of a partition (as in the previous examples) by the angle of
π while the application of∗ is the reflection along the axis between [n] and [n]′. The involution
ρ has not yet been studied in the literature but has turned out to be of significant use in the first
author’s recent paper [5].

The Brauer semigroup and the partial Brauer semigroup can beconveniently defined as sub-
semigroups ofCn: namely,Bn [respectivelyPBn] consists of all elements ofCn all of whose
blocks have size 2 [at most 2]. Both semigroups are closed under both involutions∗ andρ. In
both types of semigroups, the groupH -class of a projectionξξ∗ of rankk is isomorphic (as a
regular∗-semigroup) with the symmetric groupSk. For completeness we note thatB1 is the
trivial semigroup andPB1 � C1 is isomorphic to the 2-element semilattice semigroup{0,1}
(endowed with trivial involution).

Next we define the annular semigroupAn [14]. It will be realized as a certain subsemigroup
of the Brauer semigroup. For this purpose it is convenient tofirst represent the elements ofBn

asannular diagrams. Consider an annulusA in the complex plane, sayA = {z | 1 < |z| < 2} and
identify the elements of̃[n] with certain points of the boundary ofA via

k 7→ 2e
2πi(k−1)

n and k′ 7→ e
2πi(k−1)

n for all k ∈ [n].

For ξ ∈ Bn take a copy ofA and link anyx, y ∈ [̃n] with {x, y} ∈ ξ by a path (calledstring)
running entirely inA (except for its endpoints). For example, the elementξ ∈ B4 given by

ξ = {{1,1′}, {2,4}, {3,2′}, {3′,4′}}

is then represented by the annular diagram in Fig. 2. Paths representing blocks of the form{x, y′}
[{x, y} and{x′, y′}, respectively] for somex, y ∈ [n] are calledthrough strings[outer and inner
strings, respectively]. Theannular semigroupAn by definition consists of all elements ofBn that
have a representation as an annular diagram any two of whose strings have empty intersection
— this will be referred to as theannular conditionlater in the text. One can compose annular
diagrams in an obvious way, modelling the multiplication inBn — from this it follows thatAn

is closed under the multiplication ofBn. Clearly,An is closed under both involutions∗ andρ, as
well.

Analogously to the partial Brauer semigroupPBn, one can also define thepartial annular
semigroupPAn by considering all elements ofPBn which admit a representation by an annular
diagram in which any two distinct strings have empty intersection. Again eachPAn is closed
under both involutions∗ andρ.
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4

3

2

1

4′

3′

2′

1′

Figure 2: Annular diagram representation of a member ofB4

Although we shall not need it, we remark that the rank characterizes theD-relation inAn, as
well. Let ξ ∈ Bn be of rankt with through strings

{k1, l
′
1}, . . . , {kt, l

′
t }, for someki , l i ∈ [n].

Then{k1, . . . , kt} respectively{l′1, . . . , l
′
t } is thedomaindomξ respectivelyrangeranξ of ξ. For

any projectionε we obviously have ranε = (domε)′.
In order to show that the rank function characterizes theD-relation it is sufficient to show

that any two projectionsε, η of the same rankt areD-related. Letε andη be arbitrary projections
of rank t with a1 < a2 < · · · < at the domain ofε andb′1 < b′2 < · · · < b′t the range ofη; defineα
to be the element having the same outer strings asε, the same inner strings asη and the through
strings

{a1,b
′
1}, . . . , {at,b

′
t }.

Thenα ∈ An, ε = αα∗ andη = α∗α.
Finally, we shall give the definition of theJones semigroupJn

1 [37, 20] and thepartial Jones
semigroup PJn. For this purpose, consider the rectangleR = [0,1] × [1,n] in the Euclidean
plane, identify the elementsi ∈ [n] with the points (0, i), the elementsi′ ∈ [n]′ with the points
(1, i) on the boundary ofR. Analogously to annular diagrams, the members ofBn also admit
representations byrectangular diagramswhich are defined in an obvious way — if{x, y} is a
block of ξ ∈ Bn then the corresponding points on the boundary ofR are connected by astring
running entirely in the interior ofR. The setJn then consists by definition of all members of
Bn that admit a representation as a rectangular diagram any twoof whose strings have empty
intersection. Similarly,PJn may be defined to consist of those members ofPBn that have a
representation as a rectangular diagram any two of whose strings have empty intersection. Both
setsJn andPJn are closed under multiplication and both involutions∗ andρ. It is well known
thatJn is aperiodic (that is, all subgroups are trivial) [20] and easy to see that the same is true for
PJn.

1This is also calledTemperley-Lieb semigroup; following [20], we use the termJones semigroup.
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For eachn we have the following inclusions among the various involutory semigroups:

PJn −−−−−−→ PAn −−−−−−→ PBn −−−−−−→ Cn
x

x
x

Jn −−−−−−→ An −−−−−−→ Bn

Here an arrow denotes an injective mapping respecting multiplication and both involutions, and
the diagram can be assumed to commute. Moreover, for eachn andK ∈ {J,PJ,A,PA,B,PB,C}
we also have the inclusionKn ≤ Kn+2 as involutory semigroup with respect to∗ as well asρ. With
respect to∗ we have evenKn ≤ Kn+1 for all n and allK exceptK = A.

2. The finite basis problem for partition semigroups with involution

2.1. The inverse involution∗

In this subsection we assume that each partition semigroup considered is endowed with the
inverse involution∗. In particular, forK ∈ {J,PJ,A,PA,B,PB,C}, varKn always denotes the
variety of involution semigroups generated by〈Kn, ·,

∗ 〉. It follows from Proposition 2.9 in [6] that
a regular∗-semigroup is never inherently nonfinitely based. Hence, for involution semigroups of
this type the tool presented in subsection 1.1.2 cannot be applied at all. So we are left with tool
no. 1 presented in subsection 1.1.1 and we are going to examine the cases which this tool can be
applied to. We need to check two things:

(i) Does there exist a (non trivial) group invarKn \ var H(Kn)?
(ii) Is K3 contained invarKn?

We immediately see that forK ∈ {J,PJ} condition (i) fails becausevar PJn and thus alsovar Jn

contains only trivial groups. Altogether we see that none ofour tools can be applied to these
cases. Direct inspection shows that〈PJ1, ·,

∗ 〉 and〈Jn, ·,
∗ 〉 are finitely based forn ≤ 3. So we are

left with the following open problem.

Problem2.1. 1. Is the regular∗-semigroupPJn nonfinitely based for eachn ≥ 2?
2. Is the regular∗-semigroupJn nonfinitely based for eachn ≥ 4?

2.1.1. Groups invarKn \ var H(Kn)
We are going to check condition (i) mentioned above and shalldistinguish between the cases

K ∈ {B,PB,C} on the one hand andK ∈ {A,PA} on the other. The first case turns out to be easy.
Let Kn be any ofCn, PBn or Bn. Each projection different from the identity ofKn has rank less
thann, whence the semigroup H(Kn) contains, apart from the identity element, only elements of
rank strictly less thann. This implies the following result.

Proposition 2.1. For each n≥ 2 and eachKn ∈ {Cn,PBn,Bn} there exists a group invarKn that
is not invar H(Kn).

Proof. The group in question is the symmetric groupSn that is the group of units inKn and thus
belongs tovarKn. By the argument of Kim and Roush [16], each group in the variety var H(Kn)
belongs to the group variety generated by the subgroups of the semigroup H(Kn). As observed
above, each subgroup of H(Kn) embeds into the symmetric groupSn−1 whence it remains to
check thatSn does not belong to the group variety generated bySn−1. This follows from [32,
Theorem 51.2] because the groupSn always has a chief factor of order larger than the maximum
order of chief factors inSn−1.
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In contrast, the casesK = A andK = PA turn out to be much more complicated and require
quite a bit of time and space. We start withK = A. It was observed by Jones [14] that the
maximal subgroup ofAn whose identity is a projectionε of rank t is a cyclic group of ordert.
Indeed, suppose thatk1 < k2 < · · · < kt are the elements of domε and letξ ∈ An beH -related
with ε. In ξ there exists a unique through string of the form{k1, k′`}. From the annular condition
it follows that the remainingt − 1 through strings ofξ are precisely

{k2, k
′
`+1}, . . . , {kt−`+1, k

′
t }, {kt−`+2, k

′
1} . . . , {kt, k

′
`−1}

while the inner and outer strings ofξ are those ofε. Taking into account (1.5), we observe that
ξ = τ`−1, whereτ consists of the through strings

{k1, k
′
2}, {k2, k

′
3}, . . . , {kt, k

′
1}

together with the inner and outer strings ofε. Obviously,τt = ε and the order ofτ is t.
In the following we shall obtain some facts about H(An) in casen is even.

Lemma 2.2. If {i, j} [respectively{i′, j′}] is an outer[inner] string of an element inA2m, then
j − i is odd.

Proof. Suppose thatj > i. On the circuit, only points either betweeni and j or betweenj and
i (in, say, counterclockwise orientation) can be involved inthrough strings. In the first case, all
points betweenj and i must be involved in outer strings hence the number of points betweenj
andi is even; since the total number of points is even, this implies that j − i is odd. In the second
case, by the same reason there must be an even number of pointsbetweeni and j whencej − i is
odd, anyway.

This enables us to obtain the next result.

Lemma 2.3. Letα = ε1 · · · εk ∈ A2m be a product of projectionsεs. Then for each through string
{i, j′} of α, the difference j− i is even.

Proof. The proof is by induction onk, the casek = 1 being trivial. So, suppose thatk > 1 and
setβ = ε1 . . . εk−1 andε = εk. Let {i, j′} be a through string inβε. By the definition of the
multiplication, there existk0, k1, . . . , k2t ∈ [n] such that

i β k′0, k0 ε k1, k′1 β k′2, . . . , k
′
2t−1 β k′2t, k2t ε j′.

Sinceε is a projection and{k2t, j′} is a through string, we havek2t = j. Hence

j − i =
2t∑

s=1

(ks − ks−1) + (k0 − i).

By the induction assumption,k0 − i is even since{i, k′0} is a through string inβ. By Lemma 2.2,
eachks+1 − ks is odd. Consequently, the sum

∑2t
s=1(ks − ks−1), containing an even number of odd

summands, is even.

For the next result note that for anyξ ∈ A2m of rank t, if k1 < k2 < · · · < kt are the elements
of the domain ofξ, thenki+1−ki is odd for eachi < t — the argument is similar to that in Lemma
2.2. Sincet necessarily is even,kt − k1 is also odd.
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Corollary 2.4. Letα ∈ A2m be a product of projections,α having domain k1 < k2 < · · · < kt and
range k′1 < k′2 < · · · < k′t . If {ki , k′j} is a through string ofα, then j− i is even.

Proof. Suppose thatj > i; by Lemma 2.3,k j − ki is even. Since

k j − ki = (k j − k j−1) + · · · + (ki+1 − ki) (2.1)

and each summand on the right hand side of (2.1) is odd by the above remark, there must be an
even number of summands in that sum and that number coincideswith j − i.

This allows us to obtain the principal result in this context.

Corollary 2.5. For each even number n, each maximal subgroup ofH(An) has order less than
n
2.

Proof. Each non-trivial maximal subgroup of H(An) is isomorphic to the groupH -class (in
H(An)) of some projectionε , 1. Let t be the rank ofε (which is even) andk1 < k2 < · · · <
kt be the elements of the domain ofε. Let τ ∈ An be defined by having the through strings
{k1, k′2}, . . . , {kt, k′1} and all inner and outer strings the same asε (that is,τ is H -related inAn to
ε). Clearly,τ has ordert and generates the groupH -class ofε in An. Now letα ∈ H(An) be a
generating element of the groupH -class ofε in H(An); thenα andε have the same domain and
range. There exists a uniques such that{k1, k′s+1} is a through string inα. By Corollary 2.4,s is
even. By the annular condition, all the remaining through strings ofα are of the form

{k2, k
′
s+2}, . . . , {kt−s, k

′
t }, {kt−s+1, k

′
1} . . . , {kt, k

′
s}.

Then
α = τs = (τ2)

s
2

whenceα lies in the subgroup generated byτ2. The order ofτ2 is t
2, hence the order ofα is at

most t
2 which is less thann2.

Altogether we are able to detect a group invarAn that is not invar H(An):

Corollary 2.6. For each even number n there exists a group invarAn that is not invar H(An).

Proof. We have seen that all cyclic groups invar H(An) have even order less thann
2. On the other

hand, each cyclic group of even order up ton belongs tovarAn. In order to find a (cyclic) group
in varAn that is not invar H(An) it suffices to find an even numberk ≤ n that does not divide
the least common multiple of all even numbers less thann

2. For suchk we may take the largest
power of 2 which is less than or equal ton.

Since, for anyn, all maximal subgroups of H(An) have order at mostn − 2, by the same
reasoning as in Corollary 2.6, the next result is immediate.

Corollary 2.7. Let n be a prime power; then the cyclic group of order n belongsto varAn but
not tovar H(An).

Finally, we show that the casesn even or a prime power are the only ones for which there is a
group invarAn that is not invar H(An). Therefore, our methods are applicable precisely in these
cases.
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Figure 3: A cycle of ordert as a product of projections inAn

Proposition 2.8. If n is odd and not a prime power then the groups invarAn andvar H(An) are
the same.

Proof. Every element ofAn has odd rank. Lett < n be odd. We define projectionsε0, ε1, . . . , εt+1

as follows. Eachεi , i = 0,1, . . . , t + 1, has the outer strings{t + 3, t + 4}, . . . , {n − 1,n} and the
corresponding inner strings; besides those, the projection ε0 has the outer string{1, t + 2} and
the inner string{1′, (t + 2)′} and each of the projectionsεi , i = 1, . . . , t + 1, has the outer string
{i, i + 1} and the outer string{i′, (i + 1)′}. Finally, all remaining elements of̃[n] are involved in
the through strings{k, k′}.

One then readily verifies (see Fig. 3) thatα = εt+1εt · · · ε0εt+1 has the same inner and outer
strings asεt+1 henceαH εt+1. Moreover, the through strings ofα are

{1,3′}, {2,4′}, . . . , {t − 1,1′}, {t,2′}.

Via (1.5),α realizes the cyclic permutationk 7→ k + 2 (mod t) which has ordert sincet is odd.
Thus, for each oddt < n, the semigroup H(An) contains a cyclic group of ordert as an involutory
subsemigroup. The maximal subgroups ofAn are precisely the cyclic groups of odd order at
mostn. So, we have already shown thatvar H(An) contains each maximal subgroup ofAn, with
the possible exception of the group of units ofAn which is cyclic of ordern. Sincen is not a
prime power,n = k` for some co-prime numbersk, `. As already pointed out, the cyclic groups
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Ck andC` of ordersk and`, respectively, belong tovar H(An) whence so does the cyclic group
of ordern which is isomorphic toCk × C`.

Corollary 2.9. There exists a group invarAn that is not invar H(An) if and only if n is even or
a prime power.

In contrast to the ordinary annular case, it is no longer truethat there is a group invar PAn

that is not invar H(PAn) for each evenn. The fact that some elements of̃[n] need not be involved
in any string gives the projections more freedom to gain cyclic permutations in H(PAn), as the
following result demonstrates.

Proposition 2.10. For each n≥ 5 and t ≤ n − 3 there exists a cyclic subgroup of order t in
H(PAn).

Proof. For oddt this follows immediately from Proposition 2.8. For event it can be shown that
the elementα consisting of the through strings

{1,2′}, {2,3′}, . . . , {t − 1, t′}, {t,1′}

along with the outer string{t+2, t+3} and the inner string{(t+2)′, (t+3)′}, and else having no
other strings can be written as a product of5t

2 + 4 projections, see Fig. 4. Clearly,α realizes a
cyclic permutation of ordert.

From this we obtain:

Corollary 2.11. If n < {pk, pk + 1,2k + 2} for each prime p and each k≥ 1, thenvar H(PAn) and
var PAn contain the same groups.

Proof. We may assume thatn ≥ 15. As already mentioned, the variety of all groups invar PAn

is generated by all cyclic groups of orders at mostn. By Proposition 2.10, all cyclic groups of
orders at mostn − 3 belong tovar H(PAn). Sincen is not a prime power it can be factored as
n = k` with k, ` co-prime andk, ` ≤ n − 3. Since the cyclic groups of orderk and` belong to
var H(PAn), so does the cyclic group of ordern. The same reasoning applies to the cyclic group
of ordern − 1. Consider finally the case ofn − 2. By assumption,n − 2 either is an odd prime
power or has at least two distinct prime factors. In the former case the claim follows from the
proof of Proposition 2.8 and in the latter case the argument is the same as forn andn− 1.

On the other hand, the converse of Corollary 2.11 also holds.

Proposition 2.12. If n ∈ {pk, pk + 1,2k + 2} for some prime p and some positive integer k, then
there exists a group invar PAn which is not invar H(PAn).

Proof. The casen = pk is obvious. Since the product of any twodistinct projections of rank
n − 1 has rank less thann− 1, the groupH -class in H(PAn) of any projection of rankn− 1 is
trivial, implying the claim for the casen = pk + 1.

Finally, in casen = 2k + 2 we show that the cyclic group of order 2k = n − 2 is not in
var H(PAn). Let ε be a projection of rankn− 2 containing the outer string{i, i + 1} and the inner
string{i′, (i + 1)′} and letε◦ be the projection obtained fromε by removing these two strings. If
η is a projection of rankn− 1 such thatηε has rankn− 2, thenηε = ε◦ε (and likewiseεη = εε◦).
Hence, ifα is a product of projections and of rankn − 2 then we may assume that all these
projections have rankn− 2. Moreover, any product of two distinct projections of rankn− 2 that
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have only through strings has rank less thann − 2. Finally, letε1, ε2, ε3 be projections of rank
n − 2 such thatε1 andε3 have outer and inner strings butε2 does not. Ifε1ε2ε3 has rankn − 2
thenε1 = ε3 andε1ε2ε3 = ε1ε3 = ε1.

Let α be of rankn − 2 and assume that it is a product of projections:α = ε0ε1 · · · εr . The
observations in the preceding paragraph imply that in addition we may assume thatεi has rank
n− 2 for eachi = 0, . . . , r and thatε1, . . . , εr−1 have inner and outer strings, that is,ε1, . . . , εr−1

belong toAn. Assume further thatα is contained in a subgroup of H(PAn). We intend to prove
that the order ofα is at mostn−2

2 = 2k−1. For this purpose we may assume thatα is H -related to
a projectionε. This implies immediately thatε0 = ε = εr .

Now consider two cases: (i)ε has an inner and an outer string, that is,ε belongs toAn, and
(ii) ε has only through strings, that is,ε does not belong toAn. In the first case,α belongs to
H(An) and so the order ofα is at mostn−2

2 by Corollary 2.5.
In the second case, we getε1 = εr−1 and ε = ε◦1 sinceεε1 as well asεr−1ε have rank

n − 2. From this it follows that the set{ε, ε1, εε1, ε1ε} forms a 2× 2-rectangular band under
multiplication. In particular,ε andε1 areD-related in H(PAn). Green’s Lemma implies that the
order ofα is the same as the order ofε1αε1 = ε1 · · · εr−1. The latter element belongs to H(An),
so its order is at mostn−2

2 , again by Corollary 2.5. Since no group element of rank less thann−2
can have ordern − 2 we actually have shown that H(PAn) does not contain a group element of
ordern− 2 = 2k.

Altogether, the cyclic group of order 2k belongs tovar PAn but not tovar H(PAn), just as
required.

Having thus completely examined when condition (i) mentioned in the introduction to Sec-
tion 2.1 is fulfilled we turn to condition (ii).

2.1.2. Membership ofK3

In order to complete the results which make an application ofTheorem 1.1 possible, we need
to check membership ofK3.

Proposition 2.13. The regular∗-semigroupK3 is contained in

1. varCn for each n≥ 2,
2. var PAn ⊆ var PBn for each n≥ 3,
3. varAn ⊆ varBn for each n≥ 4.

Proof. In the first case, consider the regular∗-subsemigroupU1 of C2 generated by the projec-
tions of rank 1 — these are

{{1,1′,2,2′}}, {{1,1′}, {2}, {2′}}, {{1}, {1′}, {2,2′}}.

It is easy to calculate thatU1 contains 13 partitions: 9 of rank 1 and 4 of rank 0. TheD-class of
U1 consisting of partitions of rank 1 is shown in Fig. 5 where theidempotents are marked with
?.

Now it is clear that if one factorsU1 by the ideal of all elements of rank 0, then the resulting
regular∗-semigroup is isomorphic toK3. Thus,K3 belongs to the varietyvarC2, and hence, to
the varietyvarCn for eachn ≥ 2.
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Figure 5: The upperD-class of the subsemigroupU1 of C2

For the second case consider the involutory subsemigroupU2 of PA3 generated by the pro-
jections

{{1,1′}, {2,3}, {2′,3′}},

{{1,2}, {1′,2′}, {3,3′}},

{{1,1′}, {2}, {2′}, {3}, {3′}}.

Again it is easy to calculate thatU2 contains 9 partitions of rank 1 and 9 partitions of rank 0.
The partitions of rank 1 form a regularD-class depicted in Fig. 6. As above, the idempotents are
marked with?.

?

?

?

?

?

?

?

Figure 6: The upperD-class of the subsemigroupU2 of PA3

Again, it follows that the quotient ofU2 by the ideal of all elements of rank 0 is isomorphic
to K3. We see thatK3 belongs to the varietyvar PA3, and hence, to the varietiesvar PAn and
var PBn for eachn ≥ 3.

Finally, for the third case consider the involutory subsemigroupU3 of A4 generated by the
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projections

{{1,1′}, {2,3}, {2′,3′}, {4,4′}},

{{1,1′}, {2,2′}, {3,4}, {3′,4′}},

{{1,2}, {1′,2′}, {3,3′}, {4,4′}}.

It can be easily shown thatU3 contains 13 partitions: 9 of rank 2 and 4 of rank 0. (Actually,
one can observe thatU3 is isomorphic toU1 where the isomorphism is induced by the following
mapping of the base sets: 1,2 7→ 1; 3,4 7→ 2; 1′,2′ 7→ 1′ and 3′,4′ 7→ 2′.) Fig. 7 presents the top
D-class ofU3 consisting of the partitions of rank 2.

?

?

?

?

?

?

?

Figure 7: The upperD-class of the subsemigroupU3 of A4

Thus, factoringU3 by the ideal of all elements of rank 0, one gets a regular∗-semigroup
isomorphic toK3. Therefore,K3 belongs to the varietyvarA4, and hence, to the varietiesvarAn

for all evenn ≥ 4 (recall that there is an embeddingAn ↪→ An+2 of regular∗-semigroups) and
varBn for eachn ≥ 4.

It remains to verify thatK3 belongs to the varietyvarA5 (as then it also belongs to all the
varietiesvarAn with oddn ≥ 5). Here an obvious modification of the above construction works,
namely, we add to each of the 13 partitions formingU3 the new through string{5,5′}. It is easy
to see that the resulting 13 partitions lie inA5 and form an involutory subsemigroup isomorphic
toU3.

We can summarize the results obtained so far in this section as follows.

Theorem 2.14. The following regular∗-semigroups are not finitely based:

1. Cn for n ≥ 2,
2. PBn for n ≥ 3,
3. Bn for n ≥ 4,
4. An for n ≥ 4, n even or a prime power,
5. PAn for n ≥ 3, n of the form2k + 2, pk or pk + 1 for a prime p and k≥ 1.

Proof. From Proposition 2.1, Corollaries 2.6 and 2.7, and Propositions 2.12 and 2.13, it follows
that Theorem 1.1 applies in each case.
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Given this result, the question arises what happens in the cases not covered by Theorem 2.14.
First of all, we may formulate

Problem2.2. 1. Is the regular∗-semigroupAn nonfinitely based, wheren is odd, not a prime
power?

2. Is the regular∗-semigroupPAn nonfinitely based forn < {2k + 2, pk, pk + 1} (p prime,
k ≥ 1)?

Remaining are now only some cases for smalln. In casen = 1 we have:B1 � A1 is the trivial
semigroup which is of course finitely based andPB1 � PA1 is the two element semilattice (with
trivial involution) which is also finitely based. In casen = 2, B2 � A2 is a Clifford semigroup
(a cyclic group of order 2 with zero adjoined) which is finitely based, andPB2 � PA2 which
turns out to be an ideal extension of a 2× 2 rectangular band (with involution) by the symmetric
inverse semigroup of rank 2 — we do not know if this is finitely based. Finally, in casen = 3
we observe thatB3 is an ideal extension of a 3× 3 rectangular band (with involution) by the
symmetric groupS3 andA3 is an ideal extension of a 3× 3 rectangular band (with involution)
by the cyclic group of order 3 — in neither case we know the answer. So we may formulate

Problem2.3. Are the regular∗-semigroupsPB2 � PA2, B3, A3 finitely based?

2.2. The ‘skew’ involutionρ

In the case of the ‘skew’ involutionρ we are in the lucky position to be able to apply the tool
presented in subsection 1.1.2 (except for a few cases with small n).

Theorem 2.15. 1. For each n≥ 2 the involutory semigroups PJn,PAn,PBn,Cn are inher-
ently nonfinitely based (with respect toρ).

2. For each n≥ 4 the involutory semigroupsJn,An,Bn are inherently nonfinitely based (with
respect toρ).

Proof. (1) SincePJn ≤ PAn ≤ PBn ≤ Cn andPJn ≤ PJn+2 for all n, Theorem 1.2 implies that
it is sufficient to verify thatPJ2 as well asPJ3 contains an involutory subsemigroup isomorphic
with the twisted Brandt monoid. For the casen = 2 consider the elements ofPJ2 depicted in
Fig. 8.

Figure 8: The twisted Brandt monoid inPJ2

This set forms an involutory subsemigroup ofPJ2 with respect toρ. The mapping that sends
each of these elements in the given order to the matrices given in (1.2) (in the order given there)
turns out to be an isomorphism of involutory semigroups. Forthe casen = 3 the same can be
done with the members ofPJ3 depicted in Fig. 9.

Figure 9: The twisted Brandt monoid inPJ3
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(2) SinceJn ≤ An ≤ Bn andJn ≤ Jn+2 for all n, by Theorem 1.2 it suffices to show thatJ4

as well asJ5 contains an involutory subsemigroup or divisor isomorphicwith the twisted Brandt
monoid; here “divisor” means a homomorphic image of an involutory subsemigroup. In the case
n = 4, the same observation as in (1) applies to the elements ofJ4 depicted in Fig. 10.

Figure 10: The twisted Brandt monoid inJ4

Figure 11: The twisted Brandt monoid invar J5

In casen = 5 consider the involutory subsemigroup ofJ5 generated by the elements of
J5 depicted in Fig. 11, add the identity element ofJ5 and factor by the ideal consisting of all
elements of rank one. The result is again an involutory semigroup isomorphic withTB1

2.

For the remaining cases of smalln we note thatPJ1 � PA1 � PB1 � C1 is a two element
semilattice with trivial involution which is finitely based. Moreover,J1 � A1 � B1 is the trivial
involutory semigroup;J2 � PJ1 is the two element semilattice with trivial involution;A2 � B2

is a cyclic group of order 2 with an extra zero element adjoined with trivial involution; J3 is
a 2× 2 rectangular band with an extra identity adjoined, the involution satisfying the identity
x = xxρx — all of these are known to be finitely based. So we are left withthe following two
involutory semigroups:

Problem2.4. Are the involutory semigroupsA3 andB3 (with respect toρ) finitely based?

3. Further applications

3.1. Unary Rees matrix semigroups

We had used in [6] unary Rees matrix semigroups as a tool in theproof of Theorem 1.1; in
turn, here we shall show that this theorem allows one to solvethe finite basis problem for a large
family of unary Rees matrix semigroups.

An I × I -matrix P = (pi j ) overG ∪ {0}, whereG is a group, is calledblock-diagonalizableif
there exists a partitionπ of the setI such thatpi j , 0 if and only if i π j. If one defines a graph
Γ(P) on the setI in which two distinct verticesi and j are adjacent if and only ifpi j , 0, then
it is clear that block-diagonalizable matrices correspondto graphs whose connected components
are cliques (i.e. complete graphs). We say thatP is ∗-regular if for all i, j ∈ I , one hasp ji = p−1

i j
wheneverpi j ∈ G and pii = e, wheree is the identity element ofG. (Recall that this property
ensures that the unary Rees matrix semigroupM0(I ,G, I ; P) is a regular∗-semigroup.)

Theorem 3.1. Let P be an I× I-matrix overG ∪ {0}, whereG is a group. Suppose that P is∗-
regular and not block-diagonalizable. IfG does not belong to the group varietyvarH , whereH
is the subgroup generated by the non-zero entries of P, then the involutory Rees matrix semigroup
M0(I ,G, I ; P) is not finitely based.
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Proof. Let P = (pi j ). SinceP is not block-diagonalizable, there is a connected component C in
Γ(P) which is not a clique. LetQ be a maximal clique inC. AsC is connected, there existi0 ∈ Q
and j0 ∈ C \Q such thati0 and j0 are adjacent. At the same time, there should be a vertexk0 ∈ Q
such thatj0 andk0 are not adjacent — otherwiseQ∪ { j0} would make a larger clique inC. Thus,
the submatrixP0 of P corresponding to the setI0 = {i0, j0, k0} is of the form

P0 =


e g h

g−1 e 0
h−1 0 e



whereg = pi0 j0,h = pi0k0 belong toG. The unary Rees matrix semigroupM0(I0,G, I0; P0) is
then a unary subsemigroup inM0(I ,G, I ; P), and the obvious homomorphismG → E, where
E = {e} is the trivial group, extends to a unary semigroup homomorphism fromM0(I0,G, I0; P0)
ontoK3. Thus,K3 belongs to the varietyvarM0(I ,G, I ; P).

The Hermitian subsemigroup H(M0(I ,G, I ; P)) of M0(I ,G, I ; P) is generated by the ele-
ments (i,e, i) wherei runs overI . This implies that the group coordinates of triples (i,g, j) in
H(M0(I ,G, I ; P)) belong to the subgroupH generated by the non-zero entries ofP. Hence
H(M0(I ,G, I ; P)) is a unary subsemigroup of the unary Rees matrix semigroupM0(I ,H , I ; P).
It is not hard to see that each group in the varietyvarM0(I ,H , I ; P) belongs to the group variety
varH . SinceG does not belong tovarH but obviously belongs tovarM0(I ,G, I ; P), we are in
a position to apply Theorem 1.1.

A comprehensive treatment of the finite basis problem for unary Rees matrix semigroups
forms the subject of a paper by M. Jackson and the third author[13].

3.2. Varietal joins

Recall that thejoin V ∨W of two varietiesV andW is the least variety containing bothV
andW. We show how Theorem 1.1 can be used to produce interesting examples of non-finitely
based joins of varieties of involutory semigroups.

Denote byCSR∗ the variety generated by the regular∗-semigroupK3 (that is, the variety
of all combinatorial strict regular∗-semigroups, see [2]) and letI be the variety of all inverse
semigroups.

Theorem 3.2. LetK andA be varieties of involutory semigroups such that:

1. K containsCSR∗,
2. A consists of inverse semigroups and contains a group not contained inH(K ).

Then no variety in the interval[CSR∗ ∨ A,K ∨ I ] is finitely based.

Proof. Let S ∈ K ∨ I ; then there existK ∈ K , I ∈ I such thatS divides (that is,S is a
homomorphic image of a substructure of)K × I whence H(S) divides H(K) × H(I). Observe
that H(I) is a semilattice (with trivial involution). Further, since H(K3) = K3 andCSR∗ ⊆ K
we haveCSR∗ = H(CSR∗) ⊆ H(K ) so that H(K ) contains all semilattices with trivial involution
sinceCSR∗ does so. Altogether, we have H(S) ∈ H(K ), that is H(K ∨ I ) = H(K ), and thus, for
any varietyV in the interval [CSR∗ ∨ A,K ∨ I ], we have H(V) ⊆ H(K ). By assumption (2),
there exists a group inA ⊆ V that is not in H(K ) ⊇ H(V). Thus, Theorem 1.1 applies to the
varietyV.
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The conditions of Theorem 3.2 are obviously fulfilled ifCSR∗ ⊆ K andA contains a group
that is not inK ; so, for exampleK = [xm = xm+n] for fixed n ≥ 1 andm ≥ 2 andA = G (the
variety of all groups) meet the requirements. We mention that Theorem 3.2 holds more generally
for varieties ofunarysemigroups — it is not really required that the unary operation in question
be an involution.

Recall that a varietyV of algebraic structures is aCross varietyif

1) V is generated by a finite structure,
2) V contains only finitely many subvarieties,
3) V is finitely based.

For an interesting treatment of Cross varieties of plain semigroups consult Sapir [36]. The variety
CSR∗ is a Cross variety, see [2, Theorems 5.1 and 5.2, Corollary 5.4]. Now let Ap denote the
variety of all abelian groups of exponentp (p is a prime number); clearly,Ap is a a Cross variety.
By [2, Corollaries 5.4 and 6.5], the joinCSR∗∨Ap contains only fourteen subvarieties; however,
by the above remark, the join is not finitely based and therefore is not a Cross variety. We thus
have a simple example of two Cross varieties whose join is nota Cross variety. A plain semigroup
example of this kind found in [36, Corollary 2.1] is much moreinvolved (with 39 subvarieties).

4. Existence varieties of locally inverse semigroups

In this section we give an application to existence varieties of the method of proof of Theo-
rem 1.1. Recall that anexistence variety(shortlye-variety) of regular semigroups is a class of
regular semigroups closed under taking direct products,regular subsemigroups and homomor-
phic images. This section assumes the reader’s acquaintance with some basics of the theory of
regular semigroups.

While research into the structure of regular semigroups was particularly active in the 1970s
and early 1980s, a universal algebra approach for regular semigroups has been introduced at the
end of the 1980s by Kad’ourek and Szendrei [15] for orthodox semigroups, and, independently,
by Hall [11, 12] for regular semigroups in general. We shall recall the basic definitions and
results necessary to understand the following treatment. For further information consult the
papers [15, 11, 12, 42, 3, 4].

A regular semigroupS = 〈S, ·〉 is locally inverseif for each idempotente of S, the local
submonoid eS eis an inverse semigroup. The classLI of all (regular) locally inverse semigroups
is a typical example of an existence variety. Observe that Rees matrix semigroups over groups are
locally inverse (moreover, in such a semigroup each local submonoid is a group with 0 adjoined
or the trivial group).

It is known [30, Theorem 7.6] that a regular semigroupS is locally inverse if and only if for
any twox, y ∈ S the setxV(yx)y is a singleton (as usual,V(z) denotes the set of all inverses of
the elementz). This gives rise to thesandwich operation∧ that can be defined on any locally
inverse semigroup by settingx ∧ y to be the unique element ofxV(yx)y, so that in this context,
locally inverse semigroups are treated as algebras of type (2,2).

As explained in [3, 4], the adequate concept of equational theory for e-varieties of locally
inverse semigroups is based on the signature{·,∧} and is with respect to a doubled alphabet
X ∪ X′. HereX is, as usual, a countably infinite set of variables andX′ = {x′ | x ∈ X} is a
disjoint copy ofX; the elements ofX′ are devoted to represent inverses of the elements which
are represented by the elements ofX. The terms are over this extended alphabet and are in
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the signature{·,∧} where· stands for the associative operation of multiplication and∧ for the
sandwich operation. Given a termw(x1, . . . , xn, x′1, . . . , x

′
n) of this kind, a value of that term in

the locally inverse semigroupS is obtained by substituting the variablesxi , x′i by elementssi , s′i
in S in such a way that eachs′i is an inverse ofsi . (In this evaluation it definitely may happen
that distinct variablesx, y, say, will be substituted with the same elements, while the formal
inversesx′ andy′, respectively, are substituted with distinct inversess] ands[, say, ofs.) Given
this notion of evaluation of terms in a locally inverse semigroup, it is clear what it means that
a locally inverse semigroupS satisfiesa bi-identity u= v of terms of that kind. The following
Birkhoff type theorem then holds [3].

Theorem 4.1. A classV of locally inverse semigroups is an e-variety if and only if it is definable
by bi-identities, that is,V consists of all locally inverse semigroups that satisfy a certain set of
bi-identities.

Now call a setB of bi-identities abasisof V if a locally inverse semigroupS is a member
of V if and only if S satisfies all bi-identities ofB. This semantic notion of basis is equivalent
to a syntactic one:B is a basis ofV if and only if B axiomatizes thebi-equational theorywhich
is the set of all bi-identities over a (fixed) countable infinite setX of variables satisfied by all
members ofV. The latter means that each bi-identity satisfied by all members of V can be
derived, using natural deduction rules, from the bi-identities ofB∪ B(LI ) whereB(LI ) is a basis
for the bi-equational theory of the class of all locally inverse semigroups. A set consisting of four
independent bi-identities which may serve asB(LI ) has been found in [4]. For more analogues
between the theory of e-varieties of regular semigroups andvarieties of universal algebras see
[3, 4, 15, 42].

The objective of this section is to obtain an analogue of Theorem 1.1 giving a sufficient
condition for an e-varietyV of locally inverse semigroups to have no finite basis of bi-identities.2

Let S be a locally inverse semigroup anda1, . . . ,ak ∈ S. For eachi take an elementa′i ∈ V(ai).
Then the closure of the set{a1, . . . ,ak,a′1, . . . ,a

′
k} under multiplication and sandwich operation is

a locally inverse subsemigroup ofS, and is the least locally inverse subsemigroup ofS containing
the set{a1, . . . ,ak,a′1, . . . ,a

′
k} (by [42]). We call such a subsemigroup ak-generatedlocally

inverse subsemigroup ofS. Define thecontent c(t) of a termt inductively byc(x) = c(x′) = {x}
andc(uv) = c(u ∧ v) = c(u) ∪ c(v). In order to prove that an e-varietyV has no finite basis of
bi-identities it is sufficient to prove for each natural numberk the existence of a locally inverse
semigroupTk such thatTk < V but Tk satisfies each bi-identityu = v that holds inV and for
which |c(u) ∪ c(v)| ≤ k. The latter is equivalent to the property that eachk-generated locally
inverse subsemigroup (as defined above) is contained inV.

For each e-varietyV denote by C(V) the sub-e-variety ofV generated by all idempotent
generated members ofV. We also need the 5-element Rees matrix semigroupA2 with the
sandwich matrix (

0 e
e e

)
. (4.1)

We are ready to formulate an e-variety analogue of Theorem 1.1.

Theorem 4.2. Let V be a locally inverse e-variety containing the semigroupA2. If V contains
a group which is not inC(V) thenV has no finite basis for its bi-identities.

2The reader may note that by an argument similar to that in the proof of Proposition 2.9 in [6] it can be shown that
there do not exist inherently nonfinitely based e-varietiesof locally inverse semigroups.
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Proof. This can be proved in a manner similar to the proof of Theorem 2.2 in [6]. As mentioned
above, we have to prove, for eachk, the existence of a locally inverse semigroupTk such that
Tk < V but eachk-generated locally inverse subsemigroup ofTk is contained inV.

LetG be a group inV that is not contained in C(V). Since there must be a bi-identity which
holds in C(V) but fails inG, we may assume thatG is generated by finitely many elements, say
g1, . . . ,gm, and for convenience we may assume that this set of generators is closed under taking
inverse elements and so generatesG as a semigroup. Next, letTk be the Rees matrix semigroup
in the proof of [6, Theorem 2.2], but withn = 2k + 1 being replaced withn = 4k + 1. In that
proof it has been shown that (1,g j ,mn) ∈ 〈E(Tk)〉 for j = 1, . . . ,m (here〈E(Tk)〉 denotes the
idempotent generated subsemigroup ofTk). It follows that {1} × G × {mn} ⊆ 〈E(Tk)〉 whence
〈E(Tk)〉 contains a subgroup isomorphic toG. Consequently,〈E(Tk)〉 < C(V) which implies that
Tk < V.

Finally, consider anyk-generated locally inverse subsemigroup ofTk, that is, choose ele-
mentsa1, . . . ,ak,a′1, . . . ,a

′
k ∈ Tk such thata′i ∈ V(ai) for eachi. Let T be the locally inverse

subsemigroup generated by{a1, . . . ,ak,a′1, . . . ,a
′
k} (that is, the closure of that set under multipli-

cation and sandwich operation). It is clear that at most 4k indices of{1, . . . ,nm} can occur in the
triple representation of the elementsai anda′i . Therefore, analogously to the unary case proved
in [6, Theorem 2.2], there exist numbersλ1, . . . , λm such that

1 ≤ λ1 ≤ n < λ2 ≤ 2n < . . . (m− 1)n < λm ≤ mn

andT is contained in the semigroupTk(λ1, . . . , λm). Again as in Section 1, we can show that
Tk(λ1, . . . , λm) is isomorphic to a homomorphic image of the direct productG×Uk of the groupG
and a completely 0-simple semigroupUk with trivial subgroups. NowG ∈ V by our assumption
andUk ∈ V by a result of Hall [12] becauseV containsA2. This completes the proof.

Theorem 4.2 can be in particular applied to certain joins of e-varieties. Here is an example.
Denote byCSR the e-variety generated by the semigroupA2 and byGI the e-variety of all
orthodox locally inverse semigroups (these semigroups areoften calledgeneralized inverse).
The proof of the next corollary is analogous to that of Theorem 3.2 and is left to the reader.

Corollary 4.3. LetK andA be locally inverse e-varieties such that:

(1) K containsCSR,
(2) A consists of orthodox semigroups and contains a group not contained inC(K ).

Then no e-variety in the interval[CSR∨ A,K ∨GI ] is finitely based.
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