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Abstract

We studymatrix identitiesinvolving multiplicationandunaryoperationsuchas
transpositioror Moore-Penroséversion.We prove thatin mary casesuchidenti-
tiesadmitnofinite basis.

Keywords. matrix transpositionsymplectictransposeMoore-Penros@éverse,ma-
trix law, identity basis finite basisproblem

Background and motivation

Matrices andmatrix operationsonstitutebasictoolsfor mary branchesf mathematics.
Importantpropertiesof matrix operationsareoftenexpressedn form of lawsor identities
suchastheassociatre law for multiplication of matrices.Studyingmatrix identitiesthat
involve multiplication andadditionis a classicresearchdirectionthat was motivatedby
severalimportantproblemsin geometryandalgebra(see[1] for a surwey of the origins
of the theory) and that haseventually led to the profoundand beautiful theory of PI-
rings[14,21,23,47]. Matrix identitiesinvolving alongwith multiplication and addition
alsocertaininvolution operationgsuchastaking the usualor symplectictransposef a
matrix) have attractednuchattentionaswell, see for instance[9, 10,15,20,47].

If oneaimsto classify matrix identitiesof a certaintype, thena naturalapproachis
to look for a collectionof ‘basic’ identitiessuchthat all otheridentitieswould follow
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from thesebasicidentities.Sucha collectionis usuallyreferredto asanidentity basisor
simply abasis For instanceall identitiesof matricesover aninfinite field involving only
multiplicationareknown to follow from theassociatre law, se€[22, Lemma2]. Thus,the
associatie law forms a basisof such‘multiplicative’ identities.For identitiesinvolving
bothmultiplicationandaddition,anexplicit basisis known for 2 x 2-matricegexceptthe
caseof aninfinite groundfield of characteristi), se€[8,13,30,36,46], andfor 3 x 3- and
4 x 4-matricesover afinite field, see[17,18]. However, for matricesof arbitrarysizeover
afinite field or afield of characteristi®© the powerful resultsby Kruse-Lvov [31,34] and
Kemer[24,25] ensureat leastthe existenceof afinite identity basisfor suchidentities.

In contrastmultiplicativeidentitiesof matricesover afinite field admitnofinite basis.
This rathersurprisingfactwasprovedin the mid-1980sby the third author[53, Proposi-
tion 3] andSapir[49, Corollary6.2]. It is worth notingthatmethodsusedin [53] and[49]
werevery differentbut eachof themsufiicedto cover multiplicative identitiesof matrices
of every fixedsizeover everyfinite field.

In the presentpaperwe study matrix identitiesinvolving multiplication and one or
two naturalone-placeoperationsuchastakingvarioustransposesr Moore-Penrosén-
version. For this we first have to adaptthe methodsof [53] and [49]. We presentthe
correspondingesultsin Section2 while Sectionl collectsnecessaryreliminaries Ap-
plicationsto thefinite basisproblemfor matrix identitiesarepresentedn Section3. Both
methodsof Section2 areusedhere,andit turnsout thatthey in somesensecomplement
oneanothersince,in contrastto the caseof purely multiplicative identities,noneof the
methodsalonesufiicesto cover, say identitiesof matricesof every sizeover every finite
field involving multiplicationandthe usualtranspositiorof matrices.

Our mainresultsmaybeasummarizedsfollows.

Theorem. Ead of following setsof matrix identitiesadmitsno finite identity basis:

¢ theidentitiesof n x n-matricesover a finite fieldinvolvingmultiplicationandusual
transposition;

¢ theidentitiesof 2n x 2n-matricesover a finite field involving multiplication and
symplectidransposition;

¢ theidentitiesof 2 x 2-matricesover the field of complex numbes involving either
multiplication and Moore-Renoseinversion or multiplication, Moore-Renmosein-
versionand Hermitian conjugation;

¢ theidentitiesof Booleam x n-matricesinvolvingmultiplicationandtransposition.

We mentionin passinghattools developedin Section2 admitmary furtherapplica-
tionsthatwill be publishedn a separatg@aper

As far asthe theoryof matricesis concernedyve usefairly standarcconceptof lin-
earalgebra,see[38]. Our proofshowever involve somenotionsof equationalogic and
semigroupgheorywhich arebriefly recalledin the next section.



Matrix identitiesinvolving multiplicationandtransposition 3

1 Preliminaries

1.1 Vocalulary of equationallogic

The conceptf anidentity andanidentity basisareintuitively clear Neverthelessary
precisereasoningbouttheseconceptsequiresaformal framework, especiallywhenone
aimsat‘negative’ resultsaswedoin thispaper Suchaframework, providedby equational
logic, is conciselypresentede.g.,in [5, Chapterll]. For the reader$ corveniencewe
briefly overview the basicvocalulary of equationalogic in aform adaptedo the usein
this paper Readergamiliar with equationalogic may, of course skip this overview.

A non-emptyset A endaved with operationsf; : AxAx---xA — A,

1

for AxAx---xA — A, ... is calledan algebraic structue of type (ny,n,,...)

n2

with thecarrier A. Algebraicstructuresonsideredn this paperaremostlyof types(2, 1)
or (2,1, 1) sothatthey have onebinary operatiorandoneor two unaryoperationsSince
binary operationgnvolved are alwaysassumedo satisfythe associatre law, our struc-
turesare semigoupsequippedwith oneor two additionalunary operationsfor brevity,
we shallcall suchstructuresunary semigoups

We formally definenotionsrelatedto unarysemigroupdentitiesonly for the caseof
one unary operationleaving the straightforvard modificationfor the caseof two unary
operationdo the reader Givena countablyinfinite set.X', we definethe set7(X) of all
unarysemigouptermsover X asfollows:

e everyz € X isaunarysemigroupgermandsois z*;
e if uw andv areunarysemigroupgerms,thensois their concatenatiomv;
e if uisaunarysemigrougerm,thensois (u)*.

The algebraicstructureT (X) = (T'(X), -, *) of type (2, 1) whosebinary operation- is
concatenatioandwhoseunaryoperations u +— (u)* is calledthe freeunary semigoup
over X. By aunarysemigoupidentityover X we meanaformalexpression, = v where
u,v € T(X). A unarysemigroupS = (S, -, *) satisfiegheidentity u = v if the equality
¢(u) = ¢(v) holdsin § underall possiblehomomorphisms : T(X) — 8. Given§, we
denoteby Eq S thesetof all unarysemigroupgdentitiesit satisfies.

Givenary collection: of unarysemigroupdentities,we saythatanidentity v = v
followsfrom X or thatX impliesu = v if every unarysemigroupsatisfyingall identities
of ¥ satisfiegheidentity u = v aswell. Birkhoff’s completenestheoremof equational
logic (see[5, Theorem14.17]) shavs that this notion (which we have given a semantic
definition) can be capturedby a very transparenset of inferencerules. Theserulesin
factformalizethe mostnaturalthingsonedoeswith identities:substitutionof a termfor
a variable,applicationof operationgto identities(suchas, say multiplying an identity
throughon theright by the sameterm) andusingsymmetryandtransitvity of equality
We neednotgoinginto moredetailherebecauséhe completenestheoremis notutilized
in this paper
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Givenaunarysemigroups, anidentitybasisfor § is ary setY C Eq 8 suchthatevery
identity of Eq 8 follows from Y. A unary semigroups is saidto be finitely basedif it
possesseafinite identity basis;otherwises is callednonfinitelybased

The classof all unarysemigroupsatisfyingall identitiesfrom a givensetX of unary
semigroupidentitiesis calledthe variety definedby . A varietyis is saidto be finitely
basedif it canbe definedby a finite setof identities;otherwiseit is called nonfinitely
based

It is easyto seethatthe satishctionof anidentity is inheritedby forming directprod-
ucts,takingunarysubsemigroupandhomomorphiamagessothateachvarietyis closed
undertheseoperatorsin fact, varietiescanbe characterizedby this closureproperty(the
HSP-theoremseg[5, Theoreml1.9]). Givena unarysemigrougs, the variety definedby
Eq 8 isthevarietygeneatedby §; we denotehisvarietyby var §. FromtheHSP-theorem
it follows thatevery memberof var § is ahomomorphidmageof a unarysubsemigroup
of a direct productof several copiesof . Obsene alsothata unarysemigroupandthe
varietyit generatesresimultaneouslyinitely or nonfinitely based.

A varietyV is saidto belocally finite if everyfinitely generatedgnemberof V isfinite.
A finite unarysemigrougs calledinherentlynonfinitelybasedf it is notcontainedn ary
finitely basedocally finite variety Sincethe variety generatedy a finite unary semi-
groupis locally finite (thisis aneasyconsequencef the HSP-theoremsee[5, Theorem
10.16]),the propertyof beinginherentlynonfinitely basedmpliesthe propertyof being
nonfinitelybasedjn fact,theformerpropertyis muchstronger

1.2 Vocahkulary of semigroup theory

Sincethe algebraicstructuresve dealwith aresemigroupsvith someadditionalopera-
tion(s), we freely usethe standarderminologyandnotationof semigroupgheory mostly
following the early chaptersof the textbook [6]. It shouldbe noted,however, that our
presentations to a reasonablextent self-containedand doesnot requireary specific
semigroup-theoretibackground.

In general,consideringa unary semigroupS = (S, -,*), we do not assumeary ad-
ditional identitiesinvolving the unary operation*. If the identities (zy)* = y*z* and
(z*)* = x happento hold in 8, in otherwords,if the unaryoperationz — z* is anin-
volutory anti-automorphisnof the semigroup(S, -), we call § aninvolutory semigoup.
If, in addition,theidentity x = zz*z holds,§ is saidto be aregular x-semigoup. Each
group,subjectto its inverseoperationr — !, is aninvolutory semigroupgvenaregu-
lar x-semigroupthroughouthepaperany groupis considere@gsaunarysemigroupnith
respecto thisinverseunaryoperation.

A wealthof examplesof involutory semigroupsndregular x-semigroupsanbe ob-
tainedvia thefollowing ‘unary’ versionof thewell known Reesmatrix construction. Let
§ = (G,-,~") beagroup,0 asymbolbeyond G, and I a non-emptyset. We formally
set0~' = 0. GivenanI x I-matrix P = (p;;) over G U {0} suchthatp;; = p;;' for all
i,j € I, wedefineamultiplication- andaunaryoperation* ontheset( x G x I) U {0}

2Sed[6, Section3.1] for adescriptiorof theconstructiorin theplain semigroupcaseand[19, Section2]
for adetailedanalysisof its unaryversion.
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by thefollowing rules:

a-0=0-a=0 foralae (I xGxI)u{0},

; A _ (i,gpjkh,f) ifpjk7é0,
9.9 (k’h’g)‘{ 0 if pji = 0;

(i,9,9)" = (4,97 ",4), 0" = 0.

It canbeeasilychecledthat((7 x G x I) U{0}, -, *) becomegninvolutory semigroupit
will bearegularx-semigrouppreciselywhenp;; = e (theidentity elemenif thegroupg)
for all i € I. We denotethis unarysemigrougoy M°(1, G, I; P) andcall it theunaryRees
matrix semigoup over G with the sandwid matrix P. If the involved group G happens
to bethetrivial group& = {e}, thenwe shallignorethe groupentry andrepresenthe
non-zercelementf sucha Reesmatrix semigroupby the pairs(z, j) with 4, j € I.

In this paperthe 10-elementunaryReesmatrix semigroupover thetrivial group& =
{e} with the sandwichmatrix

playsa key role; we denotethis semigroupby K. Thus,subjectto the cornventionmen-
tionedabove, X3 consistof the nine pairs(i, j), i, € {1,2, 3}, andtheelement), and
the operationgestrictedto its non-zercelementcanbe describedasfollows:

0 otherwise
(Zaj)* = (], Z)
Anotherunarysemigroupthatwill be quite usefulin the sequelis the freeinvolutory
semigoupFI(X) onagivenalphabetX. It canbeconstructedsfollows.Let X = {z* |

r € X} beadisjointcopy of X anddefine(z*)* = x for all * € X. ThenFJ(X) is the
free semigroup( X U X)* endavedwith aninvolution* definedby

D O D
SO B
o OB

forallzy,...,z,, € X UX. See[19, Section3] for moredetailson FJ(X).
We will referto elementf FJ(X') asinvolutorywordsover X while elementf the
freesemigroupX * will bereferredto as(plain semigroupwordsover X .

1.3 A property of matricesof rank 1

Givenafield X = (K, +, -), wedenotethesetof all n x n-matricesover X by M,,(X). As

mentionedn theintroduction,in orderto avoid trivialities, we alwaysassumehatn > 2.
We concludeour preparationgvith registeringa simple propertyof rank 1 matrices.

Thispropertyis, of courseknown, butwe do provide aprooffor thesale of completeness.

Lemma 1.1. If amatrix A € M,,(X) hasrank1, then 42BA = ABA? for any matrix
B € M, (X).
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Proof. Considertthenaturalactionof A onthevectorspaceK™. Thenull-spaceN(A) =
{z € K™ | xA = 0} hasdimensiom» — 1 whencethegeneralizecigenspacef A corre-
spondingo theeigervalued coincideswith eitherK™ or N(A). In theformercase4? = 0
andA?BA = 0 = ABA? for ary matrix B. In the latter caseK™ decomposeto the
directsumof N(A) andtherangeR(A) = {zA | x € K™}, see[38, Section5.10]. Then
R(A) isin factthe (generalizedgigenspacef A correspondingo anon-zerceigervalue
a € K andthe minimal polynomialof A is z(z — «). Thus, A satisfiesthe equation
A? — aA = 0,whenced?BA = «aABA = ABaA = ABA?, asrequired. O

Let L, (X) denotethe setof all n x n-matricesof rankat most1 over X. Adding the
identity matrix to L,,(X) we geta setwhich we denoteby L, (X). Clearly, it is closed
undermatrix multiplication.FromLemmal.1lwe immediatelyobtain

Corollary 1.2. Thesemigoup (L. (X), -) satisfiegheidentity
2?yx = zya’. (1.2)

Obsenethatevery groupsatisfying(1.2) is abelian.

2 Tools

2.1 A unary versionof the critical semigroup method

Herewe presenta ‘unary’ modificationof the approachusedin [53]. Accordingto the
classificatiorproposedn thesurwey [54], thisapproachs referredto asthecritical semi-
groupmethod

The formulationof the correspondingesultinvolvestwo simple operatorson unary
semigroupvarieties.For ary unarysemigroupS = (S, -, *) we denoteby H(8) theunary
subsemigroupf § whichis generatedby all elementf theform zx*, wherex € S. We
call H(8) the Hermitian subsemigsup of §. For ary variety V' of unarysemigroupslet
H(V) bethesubvariety of V generatedy all Hermitiansubsemigroupsf membersof
V. Likewise,givena positive integern, let B, (8) bethe unarysubsemigroupf § which
is generatedby all elementf theform 2™, wherex € S, andlet P, (V) bethesubvariety
of V generatedby all subsemigroupB,,(8), where§ € V.

Thefollowing easyobsenationwill be usefulin the sequelasit helpscalculatingthe
effect of theoperatordd andP,.

Lemma2.1. H(var §) = var H(8) andP, (var §) = var P, (8) for everyunary semigoup
§ andfor ead n.

Proof. The non-trivial part of the first claim is the inclusionH(var §) C var H(S). Let
T € var §, thenT is ahomomorphidmageof a unarysubsemigroufdl of adirectproduct
of several copiesof 8. But thenH(T) is a homomorphidmageof H(U). As is easyto
see,H(U) is a unarysubsemigroumf a direct productof several copiesof H(8). Thus
H(T) € var H(8). Sincethis holdsfor anarbitraryT € var §, we concludethatH (var 8) C
var H(S). Thesecondassertiorcanbetreatedn a completelysimilar way. O
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We arenow readyto statethe mainresultof this subsection.
Theorem 2.2. Let V beanyunarysemigoupvarietysud thatX; € V. If either

e thereexistsagroup§ sudthatg € Vbut§ ¢ H(V)
or

o thereexista positiveinteger d anda group§ of exponendividingd sudthatg € V
but 9 §é Pd(V),

thenV hasno finite basisof identities.

Proof. Assumefirstthatthereexistsagroup§ € V for which§G ¢ H(V).

1. Firstwerecallthebasicideaof ‘the critical semigroupmethod’in theunarysetting.
SupposéhatV is finitely basedIf X is afinite identity basisof the variety V thenthere
exists a positive integer £ suchthat all identitiesfrom X dependon at most/ letters.
Thereforeidentitiesfrom X hold in a unarysemigroupS whenever all /-generatedinary
subsemigroup®f § satisfy X. In otherwords, 8§ belongsto V wheneer all of its /-
generatedinarysubsemigrouparein V. We seethatin orderto prove our theoremit is
sufficient to construct,for any given positive integer k£, a unarysemigroupT,, ¢ V for
which all k-generatedinarysubsemigroupef 7, belongto V.

2. Fix anidentity u(z1, ..., ) = v(x1,. .., z,) thatholdsin H(V) but failsin the
group§ = (G, -, 7). Thelatter meanghat, for someg, ..., g, € G, substitutionof g;
for z; yields

UGy -y 9m) # V(G1s-- -5 Gm)- (2.1)
Now, for eachpositive integerk, let n = max{4,2k + 1}, I = {1,...,nm} andcon-
siderthe unary Reesmatrix semigroupd;, = M°(I, G, I; P;) over the group G with the
sandwichmatrix

(Milg) B On Op - O ET
EI M,(g0) E, O, - On Oy,
On ET'  M,(g3) E, --- O, On
b, = : : : : . : : ;
\ E, On, On Op - Ey M (gm) /

whereQ,, is thezeron x n-matrix, E,, is then x n-matrix having e (the identity of §)
in the position(n, 1) and0 in all otherpositions,E? is thetransposef E,,, and M, (g)
denoteghen x n-matrix of theform

(eg 0 0 e

gt e 0 00

0 e e 000
Mn(g) = : :

0 0O

0 0O e

\ e 00 -0
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(This constructionis in a sensea combinationof thoseof the first andthe third authors’
paperdq3] and[53].) We aim to prove that T, enjoys thetwo propertiesmeedednamely
it doesnotbelongto V, but eachk-generatedinarysubsemigroujpf T liesin V.

3. In orderto prove that T, ¢ V, we constructanidentity that holdsin V, but fails
in 7. Considerthe following m termsin mn lettersz., . . ., x,,, (the squarebracletsin
thesetermssene only to improve readability):

wy = (217} - T} ] [(Tnr1 - Ton) (T - - - Ton) *Tonth,] - - -
[(x(m—l)n+1 et xmn)(x(m—l)n—kl te xmn)*xmnx:nn]a
wy = [(z1 - Tn) (71 - 'xn)*xnx;][xm—lx;H “e Ty, X
[(x2n+1 oo xSn)(x2n+1 o x3n)*x3n$§n] ot
[(x(m—l)n—l—l e xmn)(l‘(m—l)n—i—l e xmn)*xmnx:nn]a
w3 = [(xl e xn)(xl . xn)*xnxm[(xn-l-l " '$2n)(xn+1 o 'xZn)*x%x;n] X
[$2n+1$§n+1 e -T3nx§n] e [(x(mfl)n+1 cee xmn)(x(mfl)nJrl cee xmn)*xmnx;(nn],
Wi = [(T1 -+ 2n) (@1 20) T2 [ (Tng1 -+ on) (Tngs - - Ton) " T2n @3] - -
[(x(m—2)n—|—1 T x(m—l)n)(x(m—Q)n—H Tt x(m—l)n)*x(m—l)nxfm_l)n] X
[x(mfl)nJrlx?mfl)n—H o xmnxfnn]
Substitutingw; for z; in u respectrely v, we gettheidentity

w(wy, ..., W) = v(wy, ..., wy) (2.2)

which holdsin thevariety V. Indeed,if wetake ary 8§ € V, then,sincess* € H(S) for
ary s in 8, all the valuesof w; belongto the Hermitian subsemigrouf(8) of 8. This
subsemigrouphowever, liesin H(V), andtherefore satisfiegheidentity u = v.

Now we shallshow that(2.2)failsin T%. Indeed,substituting(i, e, i) € T} for x;, we
calculatethatthevalueof every termof theform

(TG—tyns1 Tin) (TG-1)nt1 ** * Tjn) "Tjn Ty,

isequalto ((j — 1)n + 1, e, jn) while thevalueof eachtermof theform

* *
LG-1)n+12G-1)n41 """ TjnLjn

isequalto ((j—1)n+1, g;, jn). Hencethevalueof w, isjust(1, g;, mn). Thereforeunder
this substitutiontheleft handpartof (2.2)takesthevalue(s, u(g, - . -, gm), t) for suitable
s,t € {1,mn} while the value of the right handpart of (2.2)is (s, v(g1,-- -, gm),t')
(againfor suitables’, ¢’ € {1, mn}). In view of theinequality(2.1),theseelementgio not
coincidein T,

4. It remainsto prove thateachk-generatedinarysubsemigroupf T liesin V. For

everym-tuple (\y, ..., A,,) of positive integerssatisfying
I<h<n<m<2n<A<...(m—1)n< Ay < mn, (2.3)
considerthe unary subsemigrou@ ()i, ..., A,) of T, consistingof 0 and all triples

(i,9,7) suchthatg € G andi,j ¢ {\,...,\,}. Usingthat2k < n accordingto
our choiceof n, one concludesthat arny given k& elementsof T, mustbe containedin
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Tk(A1, - - -, Am) for suitable), . .., \,,. Thusit is sufficientto prove thateachsemigroup
of theform T,(\y, ..., A,,) belongsto thevariety V.

Letusfix positveintegersly, ..., A, satisfying(2.3). Whenmultiplying triplesfrom
Te(A1, -5 Am), the AL At rows and columnsof the sandwichmatrix P, arenever
involved. Thereforewe canidentify T,(Aq, ..., A;,) with the unary Reesmatrix semi-
groupM®(I', G, I'; P}) overthegroupG wherel’ = I\ {\,..., \,,} andthe sandwich
matrix P} = Py(\1, ..., \n) is obtainedfrom Py, by deletingits At", ... A" rows and
columns.Note that by (2.3) exactly one row and one column of eachblock M,,(g;) is
deleted.

Now we transformthe matrix Py (1, ..., A,,) asfollows. For eachi suchthat (i —
1)n + 2 < \;, we multiply successiely

therow ((i — 1)n + 2) by g; from theleft and
thecolumn((i — 1)n + 2) by g; * from theright;
therow ((i — 1)n + 3) by g; from theleft and
+ 3) by g; ! from theright; (2.4)

therow (\; — 1) by g; from theleft and
thecolumn()\; — 1) by g; * from theright.

thecolumn((i — 1)n

In orderto help the readerto understandhe effect of the transformationg2.4), we
illustrate their action on the block obtainedfrom M, (g;) by remaving the A" row and
columnin thefollowing schemen which A; hasbeenchoserto beequalto (i — 1)n + 5.
(Thetransformation$iave no effect beyond M, (g;) becausell the rows andcolumnsof

Py(A1, ..., An) involvedin (2.4) have non-zeroentriesonly within M,,(g;).)
Theblock obtainedfrom M, (g;) by erasing After thefirst
the ((i — 1)n + 5)'" row andcolumn transformation
( e g 000 0 e (e 0 00 0 e
g;l e e 00 0 0 e e g 00 0 0
0 e e e 0 0 0 0 g;' e e 0 0 0
0 0 e e O 00 0 0 e e O 0 0
0O 0 0 0 e 00 0O 0 0 0 e 0 0
0 000 -+ e e 0 0 0 0 e e
\ e 0 000 --- e e \e 0 0 0O
After thesecond After thethird
transformation transformation
e e 0 0O 0 e e e 0 0O 0 e
e e e 00 0 0 e e e 00 00
0 e e g O 00 0 e e e 0 00
00 g' e 0 0 0 0 0 e e O 0 0
0 0 0 0 e 0 0 0 0 0 0 e 00
00 0 O e e 0 0O e e
\e 0 0 0 0 e e 0 00
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Now it shouldbe clearthatalsoin generalthe transformationg2.4) resultin a matrix
Qs all of whosenon-zeroentriesare equalto e. On the other hand, it is known (see,
e.g., [3, Proposition6.2]) that the transformationg2.4) of the sandwichmatrix do not
changeaheunarysemigrou@(Ay, . . ., Ap); in otherwordsTy (A4, . . ., Ay, ) iISisomorphic
tothe I’ x I' unaryReesmatrix semigroupR; over G with the sandwichmatrix Q. Let
U, bethel’ x I' unaryReesmatrix semigroupover thetrivial group& with the sandwich
matrix Q. It is easyto checkthatthemappingg x U, — R, definedby

(9,(4,9)) = (4,9,7), (9,0)—=0

forallg € G, 14,7 € I', isaunarysemigroughomomorphisnonto R,. Now we notethat
g € V andU, belongsto thevarietygeneratedy X3 (see[3, Theoremb.2]). Thisyields
T A1y - Am) E R €V

The casewhenthereexist a positive integer d anda group § of exponentdividing d
suchthat§ € V but G ¢ P;(V) canbetreatedn avery similarway. The constructiorof
thecritical semigroupsemainghe sameandthe only modificationto bemadein therest
of theproofis to replacethetermsw; above by thefollowing plain semigroupwords:
wl = [‘/I;Cli “ e x%][mn_'_l . '$2n]d e [x(m_l)n+1 e xmn]d’
wy = (1 @alwn 2] [Teno s Tl
wm = [xl .« xn]d[$n+1 .« x2n]d “ e [x?m_l)n+1 PR x(rinn]
(Thesewordsalreadyhave beenusedn the plainsemigroupcaseby thethird author{53].)

O

2.2 A unary version of the method of inherently nonfinitely based
semigroups

Herewe prove a sufficient conditionfor an involutory semigroupto be inherentlynon-
finitely basedandexhibit two concreteexamplesof involutory semigroupsatisfyingthis
condition.Theseexampleswill beessentiain our applicationgn Section3.

Let x1, 29, ...,2,,... beasequencef letters.The sequence Z,},—1 ».... of Zimin
wordsis definedinductively by 7, = z1, Z,.1 = Z,x,117,. We saythataninvolutory
word v is aninvolutory isotermfor a unary semigoup 8 if the only involutory word v’

suchthat§ satisfiegheinvolutory semigroupdentity v = v’ is theword v itself.

Theorem 2.3. Let § be a finite involutory semigoup. If all Zimin words are involutory
isotermdfor §, then§ is inherently nonfinitelybased.

Proof. Arguingby contradictionsupposéhat8 belongsto afinitely basedocally finite
variety V. If ¥ is afinite identity basisof V, thenthereexistsapositiveinteger/ suchthat
all identitiesfrom X dependnatmost/ letters.Clearly, all identitiesin 3 holdin 8. In the
following, ouraimwill beto constructfor ary givenpositiveintegerk, aninfinite, finitely
generatednhvolutory semigroud, which satisfiesall identitiesin atmostk variableshat
holdin 8. In particulay T, will satisfyall identitiesfrom . Thisyieldsacontradictionas
thenwe mustconcludethatT, € V, whichis impossibleby the local finitenessof V.
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We shallemploy a constructioninventedby Sapir[49], seealsohis lecturenotes[51].
We fix k andlet r = 6k + 2. Considerthe r? x r-matrix M shawn in the left hand
partof Fig. 1. All oddcolumnsof M areidenticalandequalto the transposef the row

/1 1 -1 1\ (Cln G2 - O1p-1 alr\
1 r» -« 1 7 air G2 Gip—1 Qpyp
21 -+ 21 G21 Q12 **° Q-1 Qi
M= 2 r - 207 Ma= a21 Gpz --° Q2r—1 Gpp
r 1 --- r 1 ar1 G12 --- Gpr—1 Q1
\7’ 7' . 7' 7'/ \a;‘l 0,;2 oo awifl a'.rr)

Figurel: ThematricesM and M 4

(1,...,1,2,...,2,...,r,...,7) whereeachnumberoccursr times.All evencolumnsof
M areidenticalandequalto thetransposef therow (1,2,...,r,...,1,2,...,r) inwhich
theblock1,2,...,r occursr times.

Now considerthealphabetd = {qa;; | 1 < 4,5 < r} of cardinalityr?. We convertthe
matrix M to thematrix M4 (shown in theright handpartof Fig. 1) by replacingnumbers
by lettersaccordingto thefollowing rule: wheneer the numberi occursin the column;j
of M, we substitutat with thelettera;; to getthecorrespondingntryin My.

Let v, betheword in the t*" row of the matrix M 4. Considerthe endomorphismy :
At — AT definedby

Y(@ij) = Vi-1yr+-

Let V} bethesetof all factorsof thewordsin thesequencgy™(a11) }m—1.2,... andlet0 be
asymbolbeyondV;,. We definea multiplication- onthesetV, U {0} asfollows:

wop=d W if u,v,uv € V4,
0 otherwise

Clearly (V;U{0}, -) becomessemigroupvhichwe denoteby V9. Usingthis semigroup,
we cancorvenientlyreformulatetwo majorcombinatoriaresultsby Sapir:

Proposition 2.4. [51, Proposition2.1] Let X}, = {z1,...,2x} andw € X,'. Assume
that there existsa homomorphisnp : X,/ — V9 for which p(w) # 0. Thenthereis an
endomorphismy : X;" — X, such thattheword ¢(w) appeas asa factorin the Zimin
word Z;,.

Proposition 2.5. [51, Lemmad4.14]Let X}, = {z1,...,z} andw,w’ € X, . Assume
that there existsa homomorphisnp : X, — V) for which p(w) # ¢(w’). Thenthe
identityw = w' impliesa non-trivial semigoupidentity of theform 7, ; = z.
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Now let Vz denotethe semigroupanti-isomorphicto V9; we shall usethe notation

z — z* for the mutual anti-isomorphismbetweenV) andVZ in both directionsand
denote{v* | v € Vi } by V. Let

T = (Vi UV, U{0},-,%)

be the O-directunion of V andVZ; this meansthat we identify 0 with 0%, presere the

multiplicationin both V¢ andV,, andsetu - v* = u* - v = 0 for all u, v € V. Thisis the
unarysemigroupve need.

It is clearthat T, is infinite andis generatedasaunarysemigroup)y thesetA which
is finite. It remainsto verify that T, satisfiesevery identity in at most variablesthat
holdsin ourinitial unarysemigrougs. So,letp, ¢ € FI(X}) andsupposehattheidentity
p = q holdsin § but fails in T,. Thenthereexists a unary semigrouphomomorphism
@ FI(Xy) — Ty for which o(p) # ¢(q). Hence atleastoneof the elementsy(p) and
©(q) is notequalto 0; (without lossof generality)assumehaty(p) # 0. Thenwe may
alsoassumep(p) € Vj; otherwisewe mayconsidertheidentity p* = ¢* insteadof p = q.
Sincep(p) # 0, thereis no letterz € X suchthatp containsbothz andz*. Now we
definea substitutiorns : FI(X;) — FI(X,) asfollows:

xz* If p containse*,
o(z) = { x  otherwise
Theno(p) doesnot containary starredetter, thusbeingaplainwordin X, . Sinces? is
the identity mapping,we have ¢(p) = (¢o)(c(p)), andpo mapsX," into V§. Now we
considertwo cases.

Case 1: o(g) containsa starred letter We apply Proposition2.4 to the plain word
o(p) andthe semigrouphomomorphismX,” — V2 obtainedby restrictingpo to X,
We concludethatthereis anendomorphismy of X, suchthattheword (o (p)) appears
asafactorin the Zimin word Z;.. Thus, Z, = 2'¢(o(p))z" for somez’, 2" (thatmay be
empty). The endomorphismp extendsin a naturalway to an endomorphisnof the free
involutory semigrouJ( X ) andthereis noharmin denotingtheextensionby > aswell.
Theidentity p = g impliestheidentity

LY(o(p)2" = 24(0(q))7". (2.5)

Theleft handsideof (2.5)is Z, andtheidentity is not trivial becauséts right handside
involvesa starredetter. Sincep = ¢ holdsin our initial semigroups, sodoes(2.5). But
this contradictsheassumptiorthatall Zimin wordsareinvolutory isotermsfor 8.
Case 2: o(q) containsnostarredletter. In this caser(q) is aplainwordin X7, andwe
arein a positionto apply Proposition2.5 to the semigroupidentity o(p) = o(¢q) andthe
semigroughomomorphisni,” — V9 obtainedby restrictingyo to X,". We concludethat
o(p) = o(q) implies a non-trivial semigroupidentity Z, 1 = z. Thereforethe identity
p = q implies Z, ., = z, andwe againgeta contradiction. O

Beforepassingo concreteexamplesof inherentlynonfinitely basednvolutory semi-
groups,we formulatea corollary of our proof of Theorem2.3 which will be usefulfor



Matrix identitiesinvolving multiplicationandtransposition 13

our subsequenpaper(s).Proposition2.4 easily implies that no word in the sequence
{Y™(a11) }m=1.2,.. hasary square(thatis, a word of the form ww) asa factor Hence,
the semigroupV? satisfiestheidentity® > = 0. This identity is clearly inheritedby the
involutory semigroupJ, which by its constructionsatisfiesalsothe identity zz* = 0.
SinceT,, is finitely generatecndinfinite, we arrive at thefollowing conclusion:

Corollary 2.6. If avariety'V of involutory semigoupssatisfiesno non-trivial identity of
theform Z,,, = 2 and all membes of V satisfyingthe identitieszz* = z? = 0 are
locally finite, then'V is notfinitely based.

Thisresultis parallelto [49, Proposition3] in the plain semigroupcase.
Now considerthe twistedBrandtmonoidT B, = (Bj, -, *), whereBj is the setof the
following six 2 x 2-matrices:

(o) o) Go) (o) ()6 %)

the binary operation- is the usualmatrix multiplication andthe unary operation* fixes
thematrices

00 0 1 00 10

0 0/7\0 0/ \1 0/”\0 1

andswapseachof the matrices
10 00
0 0/ \0 1

Corollary 2.7. ThetwistedBrandtmonoidT B}, is inherently nonfinitelybased.

with the otherone.

Proof. By Theorem2.3we only have to shav thatJTB; satisfiesno non-trivial involutory
semigroupidentity of the form Z,, = z. If z is a plain semigroupword, we canrefer
to[49, Lemma3.7]whichshavsthatthesemigroup B, -} doesnotsatisfyany non-trivial
semigroup identity of theform Z,, = z. If we supposéhattheinvolutoryword z contains
a starredletter, we cansubstitutethe matrix (§ 3) for all lettersoccurringin Z,, andz.
Sincethis matrix is idempotentthe value of the word Z,, underthis substitutionequals
(43). Ontheotherhand,z evaluatesto a productinvolving the matrix ( §)* = ($9),
andit is easyto seethatsucha productis equalto either(3 ¢) or (§ §). Thus,theidentity
Z, = z cannotholdin TB; in this caseaswell. O

An equivalentway to defineT'B; is to consideithe 5-elemenunaryReesmatrix semi-
groupoverthetrivial group€ = {e} with the sandwichmatrix

0 e
e 0
SStrictly speakingthe following expressionis not anidentity as definedbefore(since0 is not a term)

but ratheran abbreviation for theidentitiesz?y = z? = y2?. However, referringto suchabbreviationsas
identitiesis a standaracorventionwhich we adopt.




14 Karl Auinger,Igor Dolinka, Mikhail V. Volkov

andthento adjointo this unary Reesmatrix semigroupan identity element.For corve-
nienceandlaterusewe notethat ‘B, canthusberealizedasthe set

{(1,1),(1,2),(2,1),(2,2),0,1}

endavedwith the operations

6)- = { G HGRE(0.2,C0) 26

0 otherwise
-1, 0-x=0=x-0forall x;
(4,79)" = (4,0), 1" =1, 0" = 0.

Supposehat 8 is a finite unary semigroupfor which the variety var § containsan
inherently nonfinitely basedfinite unary semigroup.Immediatelyfrom the definition it
followsthat$ is alsoinherentlynonfinitelybasedThis obsenrationis useful,in particular
for the justificationof our secondexampleof aninvolutory inherentlynonfinitely based
semigroup.This is a ‘twisted version’ TA; of another6-elementsemigroupthat often

shaws up underthe nameA in the theoryof semigroupvarieties.The unarysemigroup
T A, is formedby the 6 matrices

(0060 6o 606 6)

underthe usual matrix multiplication and the unary operationthat swapseachof the

matrices
10 01
0 0/7\0 1

with the otherone andfixesall other matrices.Alternatively, T.A; is obtainedfrom the
5-elemenunaryReesmatrix semigroupA, over & = {e} with the sandwichmatrix

(2 2) 2.7)

by adjoininganidentity element Again, for lateruse we notethatJ.A; canberealizedas
theset

{(1,1),(1,2),(2,1),(2,2),0,1}

endavedwith theoperations

if (7,k) # (1,1)
{ if (4,k) = (1,1); 28)
=zr=xz-1,0-z=0=z-0forall z;

() () "=1,0=0

Corollary 2.8. Theinvolutory semigoupJ-A4, is inherently nonfinitelybased.
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Proof. We represenflA} asin (2.8) andTB; asin (2.6) and considerthe direct square
TA; x TA;. It is then easyto checkthat the twisted Brandt monoid 7B, is a homo-
morphicimageof the unarysubsemigroupf TA; x TA; generatedy the pairs(1,1),
((1,1),(2,2)) and((2,2), (1,1)). Thus,TB; belongsto var T.A;. Sinceby Corollary 2.7
TB, is inherentlynonfinitelybasedsois T.A,. O

Sapir[49, Proposition/] hasshavn thata (plain) finite semigrou® is inherentlynon-
finitely basedif and only if all Zimin words areisotermsfor §, thatis, 8§ satisfiesno
non-trivial semigrougdentity of theform Z,, = z. Our Theorem2.3 modelsthe‘if * part
of this statemenbut we do not know whetheror not the ‘only if’ part transfersto the
involutory ervironment.Somepartialresultsin this directionhave beenrecentlyobtained
by the secondauthor[11]. Here we presentyet anotherspecialresult which however
sufficesfor our purposes.

Proposition2.9. Let§ = (S, -, *) bea finite involutory semigoupand supposehat there
existsan involutory word w(z) in onevariable z sud that § satisfiesthe identity z =
zw(z)z. Then§ is notinherently nonfinitelybased.

Proof. We have to constructa finite setof identitiesthat definesa locally finite variety
of involutory semigroupgontainings. The crucial steptowardsthis goal consistdan ver-
ifying thattheidentity z = zw(x)z allows oneto expressright divisibility in termsof
equationallogic. This beingdone,we shallbe in a positionto closelyfollow powerful
argumentdevelopedby Margolis andSapirin [37].

We saythatelements:, b € S divideead otherontheright andwrite a Z b if either
a = b orthereexist s,t € S suchthata = bs andb = at. We saythatb strictly dividesa
andwrite a <g b if a = bs for somes € S butb # a andb # at forary ¢t € S. Clearly,
Z is anequvalencerelation(known astheright Greenrelationin semigrougheory)and
< g Is transitve andanti-reflive.

Sinces satisfiegheidentityz = zw(x)z, wehavea # aw(a) for eachelement € S.
(Indeed,a = aw(a) - a andaw(a) = @ - w(a).) Thus,fora,b € S, wehavea Z b if and
only if aw(a) #Z bw(b). Sinceaw(a) andbw(b) areidempotentsthat latter conditionis
equialentto the two equalitiesaw(a) - bw(b) = bw(b) andbw(b) - aw(a) = aw(a). In
particulay for u,v € S we have uv Z v if andonly if vvw(uv) - vw(u) = uw(u) (Since
the secondequalityuw(u) - uvw(uv) = vow(uv) is alwaystrue).

Let Z, betheword obtainedrom the Zimin word Z,, by deletingthelastletter (which
is x1), thatis, Z) z; = Z,. Furtherlet h denotethelengthof thelongestpossiblechainof
theform

S1<p S22 <z "< Sk-

Setn = h+1; Lemmar in [37] shavsthatunderevery evaluationof thelettersz, . . ., z,
in 8, the valuesof the words Z; and Z,, divide eachotheron the right. As explained
in the previous paragraphthis can be restatedas saying that the valuesof the terms
Znw(Zy) - Zlw(Z!) and Z! w(Z!) coincideunderevery evaluationof zi,...,z, in 8,
thatis, S satisfiegheidentity

Lol Zy) - 2o\ ZL) = Ziwo( ). 2.9)
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Ontheotherhand,in eachinvolutory semigrou = (7, -, *) whichsatisfiest = zw(x)z
and(2.9),thevaluesof thewordsZ! andZ, underevery evaluationof z, ..., z, neces-
sarily divide eachotherontheright. ThisimpliesthatsuchJ satisfiegheimplication

2y =yZy — a7, = yZ!. (2.10)

Indeed supposehatundersomeevaluationy of thelettersz, y, x4, . . . , z,, in T, thewords
zZ, andyZ, happerto take the samevalue,thatis, (xZ,) = ¢(yZ,). Sincep(Z,) %
©(Z]), thereexistst € T suchthaty(Z,)t = ¢(Z}). Hence

o(xZ,) = p(xZy)t = (yZn)t = ©(yZ,),

thatis, thewordsz Z,, andyZ,, alsotake acommonvalueunderyp.
Lemma8 in [37] shavsthatafinitely generate@emigroupsatisfying(2.10)is finite if
andonly if it satisfiegheidentity
zk = gkt (2.11)

for somek, ¢ > 1 andhasonly locally finite subgroupsWe notethataninvolutory semi-
groupJ = (T,-,*) is finitely generatedf andonly if sois the semigroup(T’,-). An
identity of theform (2.11)definitelyholdsin § sinces is finite. Henceit sufficesto find a
finite numberof identitieswhich hold in § andwhich force each(involutory) semigroup
to have only locally finite subgroups.

We can proceedas at the end of [37]. Let G be the direct productof all maximal
subgroupsf 8. By the Oates-Pwell theorem[41], seealso [40, §5.2], the locally fi-
nite variety var G generatedoy the finite group § can be definedby a single identity

v(z1,...,2,) = 1. Theleft handside v of this identity canbe assumedo containno
occurrenceof theinversion—!, thatis, we may assumethatwv is a plain semigroupword
in thelettersxy, ..., Tp. Now let F = F(z4, . .., z,) bethem-generatedelatively free

semigroupn the (locally finite) semigroupvarietygeneratedby the semigroup(S, -). The
semigrou is finite andhencehasa leastideal; thisidealis known to bea unionof (iso-
morphic) subgroupgSushkvich’s theorem,see[6]). Let H be ary of thesesubgroups
andlet e betheidentity elementof . We denoteby u(z1, . .., z,,) aword whosevalue
in Fis e. Sincee? = e, we seethatF (andthereforeS) satisfiegheidentity

u = u’. (2.12)

For every elementg € F, the productege belongsto H. As obsenedin [28], thegroup
H belongsto thevarietyvar G. ConsequentlyF (andthereforeS) satisfiegheidentity

v(uzU, .. ., UTpU) = u. (2.13)

Notethatbothsidesof (2.13)areplain semigroupwordsin theletterszy, . . ., zp,.

Now considerthe variety V of involutory semigroupsdefinedby the identity z =
zw(z)z, anidentity of the form (2.11) holdingin 8, andthe identities(2.9), (2.12),and
(2.13).Sinceby the constructions satisfiesall the listed identities,S is a memberof V.
LetT = (T, -,*) beary finitely generatednemberof V; then,asalreadymentionedthe
semigroup(7’, -) is alsofinitely generatedThe first andthe third identity ensurethatthe
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semigroup(7, -) satisfiegheimplication(2.10),andthereforejt is finite providedthatall
its subgroupsarelocally finite. Eachgroupthat satisfiesthe identities(2.12) and (2.13)

satisfiesthe identity v(z1,...,z,) = 1, whencethis group belongsto var § andsois
locally finite. Altogether T is finite. Thus,V is locally finite andfinitely basedandthe
propositionis proved. O

Proposition2.9 impliesin particularthat no finite regular x-semigroupcanbeinher
ently nonfinitely basedasonecanusez* in therole of thetermw(z). In particular the
unarysemigroup(Bs, -, 1), wherethe unary operationis the usualmatrix transposition,
is notinherentlynonfinitely basedthis factwasfirst discoveredby Sapir se€[50]), even
thoughit is notfinitely based29].

3 Applications

3.1 Matrix semigroupswith Moore-Penroseinverse

Certainly the mostcommonunaryoperationfor matricesis transpositionHowever, it is
cornvenientfor usto startwith analyzingmatrix semigroupsvith Moore-Penros@verse
becausehis analysiswill helpusin consideringsemigroupsvith transposition.

We first recall the notion of Moore-Penrosenverse.This hasbeendiscovered by
Moore [39] andindependentlyoy Penrosd42] for complex matrices but hasturnedout
to beafruitful conceptin amoregeneraketting—seé4] for acomprehenske treatment.

Thefollowing resultswereobtainedby Drazin[12].

Proposition 3.1. [12, Propositionl] Let 8§ be an involutory semigoup. Then,for any
givena € 8, thefour equations

aza = a, zax =z, (ar)" = az, (za)* = za (3.1)

haveat mostonecommorsolutionz € 8.

For anelements of aninvolutory semigroupS, we denoteby a! the uniqguecommon
solutionz of theequationg3.1), providedit exists,andcall a' the Moore-Renioseinverse
of a.

Recallthatan elementa € § is saidto be regular, if thereis anz € § suchthat
aza = a. Concerningaxistenceof the Moore-Penroseverse we have thefollowing

Proposition 3.2. [12, Proposition2] Let 8§ be an involutory semigoup satisfyingthe
implication

r'r=r'y=y'r=y'y—o>x=y. (3.2)
Thenfor an arbitrary a € 8, the Moore-Renmoseinversea! existsif andonlyif a*a and
aa* areregular elements.

Let (R, +,-) be aring. An involution of the ring is an involution z +— z* of the
semigroug R, -) satisfyingin additiontheidentity (z+y)* = z*+y*. Forring involutions,
theimplication(3.2)is easilyseeno be equvalentto

z'r=0—2=0. (3.3)
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Now suppose¢hatX = (K, +, -) is afield thatadmitsaninvolution z — z. Thenthema-
trix ring M,,(X) hasaninvolution thatnaturallyarisesfrom the involution of X, namely
(aij) — (aij)* := (a;)". Thisinvolution of M, (X) in generaddoesnot satisfytheimpli-
cation(3.3).However, it doessatisfy(3.3)if andonly if theequation

T1T1 + DTy + -+ + TpTp = 0 (3.4)

admitsonly the trivial solution (z1,...,z,) = (0,...,0) in K™. Sinceall elementsof
M,,(X) areregular, this meansthat the Moore-Penrosénverseexists — subjectto the
involution (a;;) — (a;j)* = (a;)" — whenever (3.4) admitsonly the trivial solution.
(The classicalMoore-Penrosénverseis therebyobtainedby putting X = C, the field
of complex numbersgendavedwith the usualcomplec conjugationz — z.) Ontheother
hand,it is easyto seethattheconditionthat(3.4) hasonly thetrivial solutionis necessary:
if (ay,...,a,) wereanon-trivial solutionto (3.4), thenthe matrix formedby » identical
rows (ay, - . . , a,) would have no Moore-Penros@verse.

The proof of the mainresultof this subsectiorrequiresan explicit calculationof the
Moore-Penroséversef certainrank 1 matrices Thus,we presenta simplemethodfor
sucha calculation.For arow vectora = (ay,...,a,) € K™ whereX = (K,+,-)isa
field with aninvolution z — 7, let a* denotethe columnvector (ay, . .., @,)”. It is easy
to seethatany n x n-matrix A of rank1 over X canberepresenteds A = b*c for some
non-zeraow vectorsh, c € K". Providedthat(3.4)admitsonly thetrivial solutionin K™,
onegetsA' asfollows:

Al = ¢*(cc*) 1 (bb*) 1. (3.5)

Herebb* andcc* arenon-zercelementof X whencetheirinversesn X exist. In orderto
justify (3.5),it sufficesto checkthattheright handsideof (3.5) satisfieghe simultaneous
equationg3.1) with the matrix A in therole of a, andthis is straightforward. Note that
formula(3.5)immediatelyshavsthat At is a scalamultiple of A* = ¢*b, namely

]‘ *
Al = — A (3.6)

So, we canformulateone of the highlights of the section— a resultthatrevealsan
unexpectedreatureof aratherclassicabndwell studiedobject.

Theorem 3.3. Let X = (K, +, -) bea field havingan involutionz — 7 for which the

equationzz + yy = 0 hasonly the trivial solution (z,y) = (0,0) in K?. Thenthe

unarysemigoup (M3 (X), -, T) of all 2 x 2-matricesover X endowedvith Moore-Renose

inversion’ — subjectto theinvolution (a;;) — (a;;)* = (a;)T — hasno finite basisof

identities.

Proof. Set§ = (My(X), -, ). By Theorem2.2andLemma2.1it is sufficientto shav that
1) K3 € var S,

2) thereexistsagroup§ € var § suchthat§ ¢ var H(S).
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In orderto prove 1), considetthe following setsof rank 1 matricesin My (X):

= {(z ) me (G ) e )
S (0 1S | S (|
{09} el D) m={ )

wherein eachcaser runsover K\ {0}. ObserethatX cannotbeof characteristi@, since
the equationzz + 5 = 0 hasonly thetrivial solutionin K2. Takingthisinto accounta
straightforvard calculationshaws that

Hij - Hye = { 0 otherwise (3-8)

Hencethe set
7= |J H;u{o}
1<6,j<3
is closedundemultiplicationsothatthis setformsasubsemigrouf of 8§ andthepartition
s of T into theclassedd;; and{0} is acongruencen J. Equation(3.6) shovs that

We seethatT is closedunderMoore-Penros@versionand.;# respectd, thusis a con-
gruenceon the unarysemigroupd” = (T, -, 7). Now comparing(3.8) and(3.9) with the
multiplication andinversionrulesin X5 (see(1.1)), we concludethatJ’/7# andX; are
isomorphicasunarysemigroupsHenceXs isin var 8.

For 2) we merelylet GLy(X), the groupof all invertible2 x 2-matricesover X, play
the role of §. Since Moore-Penrosénversionon GLy(X) coincideswith usualmatrix
inversion,we obsene that GL, (X) is a unarysubsemigroupf 8. Moreover, since AAf
is the identity matrix for every invertible matrix A, we concludethat, with the exception
of the identity matrix, the Hermitiansubsemigrouf(8) containsonly matricesof rank
at most 1, thatis, H(8) C Li(X), the setof all matricesof rank at most1 with the
identity matrix adjoined.By Corollary 1.2 the semigroup(L}(X), -) satisfiegheidentity
r?yr = zyz?. Consequentlyeachgroupin var H(8) is abelianwhile the groupGL,(X)
is non-abelianThus, GL,(X) is containedin var § but is not containedn var H(8), as
required. 0

Remark 3.1. Apart from ary subfieldof C closedundercomplex conjugation,Theo-
rem 3.3 applies,for instanceto finite fields X = (K, +, -) for which |K| = 3 (mod 4),

endavedwith thetrivial involution x — = = z; thelatterfollows from the factthatthe

equationz? +1 = 0 admitsnosolutionin X if andonlyif |K| = 3 (mod 4) (cf. [33, The-

orem3.75]). Moreover, by slightly changingthe agumentsone canshov an analogous
resultfor X beingary skew-field of quaternionglosedunderconjugation.
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Thereademay askwhetheror not the restrictionon the size of matricesis essential
in Theorem3.3. For somefields, it definitely is. For instance for finite fields with the
trivial involution x — T = =z, no extensionof Theorem3.3 to n x n-matriceswith
n > 2 is possiblesimply becausehe Moore-Penrosénverseis only a partial operation
in this caselndeed.,it is awell known corollary of the Chevalley-Warningtheorem(see,
e.g.,[52, Corollary2 in §1.2]) thattheequationz? + - - - + 22 = 0 (thatis (3.4) with the
trivial involution) admitsa non-trivial solutionin ary finite field wheneern > 2.

Thesituationis somavhatmorecomplicatedor subfieldsof C. Theorem2.2 doesnot
apply herebecauseof the following obstacle It is well known (see,for example,[35,
p.101]) thatthe two matrices

¢= (; (1)> and n = (é ?) (3.10)

generata free subgroupof (SLy(Z), -, ). Ontheotherhandi,it is easyto verify thatfor
ary subfieldX of C closedundercomplex conjugationthe mapping(SLy(Z), -, ') —

(M3(X), -, 1) definedby A ((340 §) is anembeddingof unarysemigroupsThus,for

n > 2, the unarysemigroup(Sing, (X), -, T) of singularn x n-matricescontainsa free
non-abeliangroup, whenceevery group belongsto the unary semigroupvariety genes
atedby (Sing, (X), -, ). Now we obsene that Sing,,(X) is containedin the Hermitian
subsemigroupf (M, (X), -, ). Indeed,it was provedin [16] (seealso[2] for a recent
elementaryproof) thatthe semigroup(Sing,,(X), -) is generatedy idempotenmatrices.
For anarbitraryidempotenmatrix A € M,,(X), let

N(A)={z e K" |zA =0} and F(A) = {z € K" | 24 = 2}

bethenull-spaceandthefixed-point-spacef A, respectrely. Now considetwo matrices
of orthogonalprojectors:P;, the matrix of the orthogonalprojectorto the spaceF'(A),
and P,, the matrix of the orthogonalprojectorto the spaceN (A)+. As ary orthogonal
projectormatrix P satisfiesP = P2 = P', both P, = PP} andP, = P,P} belong
to the Hermitiansubsemigroupi (M, (X)), but then A alsobelongsto H(M,, (X)) since
A = (P, P,)f, see[38, Exercise5.15.9a].Thus, Sing,,(X) € H(M, (X)), whenceno
group§ cansatisfythe conditionof Theorem?2.2.

However, the fact that Theorem2.2 cannotbe appliedto, say the unary semigroup
(M3(C), -, ) doesnotyet meanthattheidentitiesof this semigrouparefinitely basedWe
thushave thefollowing openquestion.

Problem 3.1. Is theunarysemigroupM,, (X), -, T) notfinitely basedor eachsubfieldX
of C closedundercomplex conjugationandfor all n > 2?

It is known that (M, (X), -, ') satisfiegatherinvolvedidentities(see[7] for anexam-
ple), so the conjecturethat theseidentitiesadmit no finite basislooks quite natural.In
connectiorwith Problem3.1,we alsoobsere thatthe proofsof Theorem3.3andCorol-
lary 1.2readilyyield thefollowing:

Remark 3.2. For eachconjugation-closegubfieldX of C andfor all n > 2, theunary
semigroup(L,,(X) U G, -, T) consistingof all matricesof rankat most1 andall matrices
from somenon-abeliarsubgroup(G, -, ') of (GL,,(X), -, ') hasnofinite identity basis.
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Anothernaturalrelatedstructureis the semigroupM,,(X) endaved with both unary
operations’ and*. Recallthat the Moore-Penrosénverseis in fact definedin termsof
identitiesinvolving boththeseoperations—nameJyroposition3.2impliesthatthealge-
braicstructure{M,, (X), -, f, *) satisfiegheidentities

zxte =z, 2lza’ = 2t (z2h)* = 22, (af2)* = 2T (3.11)

andthesedentitiesuniquelydetermineheoperationd +— At. This mighthave provoked
oneto conjecturethattheidentities(3.11) togetherwith the identities(zy)* = y*z* and
(z*)* = x form abasisfor Eq(M, (X), -, T, *). However our techniqueshaw thatthis is
notthe caseatleastfor n = 2.

Theorem3.4. LetX beafieldasin Theoem3.3; then(M,(X), -, T, *) is notfinitely based
asanalgebraic structue of type(2, 1, 1).

Proof. Thecharacteristiof X is not2 whencethegroup
G={AcGLy(X)| A=A}

is non-abelianindeed,on the prime subfieldof X, the involution z — 7 is the iden-

tity automorphismso,for matricesover the prime subfield,conjugation* coincideswith

transpositionandthus,for example, (¢ §) and({ ;') aretwo non-commutingnembers
of . SetA = (My(X),-,T,*); the algebraicstructure(G, -, f,*), thatis, the group §

with inversiontaken twice asunaryoperation belongsto var A. Now, asin the proof of

Theorem3.3, considerthe set

7= |J H;u{0}
1<4,j<3
where H;; aredefinedvia (3.7). Obviously, H;; = H;; whenceT = (T} -, f ) is asub-
structureof A andthe partition.7#” of T into the classedd;; and{0} is a congruencen
this substructureThe quotientT /7 is thenisomorphicto the semigroupX; endaved
twice with its unary operation.We concludethat X3 treatedthis way also belongsto
var A. By Corollary 1.2 the identity z?yz = zyz? holdsin H(A) (by which we mean
the substructureof A generatedy all elementsof the form AA"). Now constructthe
semigroupsT;, (by useof theidentity z2yx = zyz?) asin Step2 in the proof of Theo-
rem2.2andendav eachof themtwice with its unaryoperation.-Theargumentsn Steps3
and4 in the proof thenshaw that 7, doesnot belongto var A while eachk-generated
substructuref T, doesbelongto var A. Thus, T} canplay therole of critical structures
for var A whencethedesiredconclusiorfollows by thereasoningasin Stepl in the proof
of Theorem2.2. O

Also in this setting,our resultgivesriseto a naturalquestion.

Problem 3.2. Is thealgebraicstructure(M,, (X), -, , *) of type (2, 1, 1) notfinitely based
for eachsubfieldX of C closedundercomplex conjugationandfor all n > 2?

Hereanobsenationsimilarto Remark3.2 canbe stated:for eachconjugation-closed
subfieldX C C andfor all n > 2, the algebraicstructure(L,(X) U GL,(X), -, T,*)
consistingof all matricesof rankatmost1 andall invertiblematriceshasnofinite identity
basis.
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3.2 Matrix semigroupswith transposition over infinite fields

Herewe shaw thattheinvolutory semigroupM,, (X), -, 7 is finitely basedor ary infinite
field X. More precisely we verify thatall identitiesholdingin (M,,(X), -, ) follow from
theassociatiity andtheinvolutionlaws (zy)T =y, (z7)T = z. Thisis aninvolutory
analogueof aresultfrom [22] mentionedn theintroduction;the proof giventheredoes
not immediatelyshowv the intendedanalogue put the ideasbelow are inspiredby the
argumentsn [22].
Let us startwith anauxiliary constructionandconsideffirst, for anarbitraryfield X,

the setM, (X[z]) of all 2 x 2-matricesoverthepolynomialring X[z]. A matrix

P11 P12
P21 P22
with p;; non-zeromembersf X|z] is saidto be ascendingf

deg(p11) < min{deg(pi2), deg(ps1)}, max{deg(pi2), deg(pa1)} < deg(p2o)

anddescendingf

deg(p11) > max{deg(pi2), deg(ps1)}, min{deg(pi2), deg(po1)} > deg(paz-)

Let Asc andDesc standfor thesetsof all ascending@nddescendingnatricesrespectiely.
It is straightforwardto seethat Asc andDesc aredisjointandbothof themareclosedunder
multiplicationandtranspositionSet

10
4= 2)

A":(l 0)
Pny1 Pn

for polynomialsp,, andp,.; with deg(p,+1) = n + 1 anddeg(p,) = n. Further set
B = AT thenfor ary n, m > 1 onegets

e (12
S21 522

wheredeg(sia) = m + 1, deg(s21) = n + 1 anddeg(s22) = m + n + 2, while
BMA" — 11 T2
To1 T22

wheredeg(ri1) = m +n + 2, deg(ri2) = deg(rq1) = m + n + 1 anddeg(rq) = m + n.
In particular A"B™ € Asc while B™A™ € Desc.

by inductiononeobtainsthat

Lemma3.5. For all m,n > 1, thesetsAsc - A™ andDesc - B™ are disjoint.
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Proof. Leta,b, ¢, d, p, ¢ benon-zergpolynomialswith
deg(a) < min{deg(b), deg(c)}, max{deg(b),deg(c)} < deg(d) and deg(p) < deg(q).

Then(¢}Y) is atypical matrixin Asc, (¢?%) is suchin Desc, A™ is of theform (; ) and
B™ is of theform (¢ 7). Now

a b\ (1 0\ [a+bg bp
c d) \q p) \c+dq dp)’
Sincedeg(a) < deg(b) anddeg(p) < deg(q) we obtain
deg(a + bg) = deg(bg) > deg(bp).

In particulay for ary C' = (¢;;) € Asc - A™ we get

deg(cn) > deg(clg) (312)

d b\ (1 ¢\ (d dg+bp
¢c a)\0 p/ \c cg+ap)’
deg(d) < deg(dq) = deg(dg + bp).
Again, this shovsthatfor ary D = (d;;) € Desc - B™,

Ontheotherhand,

Herewe have that

deg(di1) < deg(di2). (3.13)
Conditions(3.12)and(3.13)immediatelyimply that Asc - A™ N Desc - B™ = &. O
We areableto draw our first conclusion.

Proposition 3.6. Let u = u(a,b),v = v(a,b) € {a,b}" betwo distinctwords, A =
(2) € My(X[z]) and B = A”. Thenu(A, B) # v(A, B).

Proof. Supposehatthe equalityu(A, B) = v(A, B) holds.The matricesA and B are
invertible as matricesover the field of rationalfunctionsover X whencewe cancancel
thelongestcommonprefix andthelongestcommonsuffix of thewordsu andwv obtaining
new wordsw’ andv’ thatstill fulfil u'(A, B) = v'(A, B). Obsenre thatnoneof thewords
v’ andv’ areemptybecausetherwised and/orB wouldbeinvertibleoverthepolynomial
ring X[z] whichis nottrue. Thus,we mayassumehatu andv startandendwith different
symbolsandthis meanghatthe wordsareof eitherof thefollowing two forms:

u=amb™ ---a™b™ and v = bak - .- phakt (3.14)
u=ambh™ ... g 1pme 1™ andy = gkt - - plorgke1ph (3.15)
with s, ¢ > 1 andall n;, m;, k;, ¢; > 1. In casg(3.14),u(A, B) € Asc andv(A, B) € Desc

while in case(3.15)u(A, B) € Asc - A™ andv(A4, B) € Desc - B*. In ary case using
Lemma3.5we obtainu(A, B) # v(A, B), acontradiction. O
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Theorem 3.7. For ead infinite field X, all the identitiesof the involutory semigoup
(M,,(X),-,T) follow fromthelaws (zy)z = z(yz), (zy)" = y'z”, (27)T = x.

Proof. If we callidentitiesthatfollow from theassociatrity andtheinvolution laws triv-
ial, our claim amountsto sayingthat (M,,(X), -,7) doesnot satisfy ary non-trivial in-
volutory identity. We shaw this alreadyholdsfor the involutory semigroupGL,(X) =
(GLy(X), -, T) thatobviously embedsnto (M, (X), -, ”) for eachn.

It is known (andeasyto verify) thatthe free involutory semigroupon onegenerator
z, say containsasa unarysubsemigroug freeinvolutory semigroupon countablymary
generatorsnamely F¥J(Z) where

Z = {22z, 2(2*)%2, ..., 2(z")"2, ... }.

Thereforewe only needto verify that GL,(X) satisfiesno non-trivial involutory identity
in oneletter z. Suchanidentity canbewritten asu(z, z*) = v(z, 2*) with v andv being
two distinctwords.Proposition3.6 impliesthatu (A, B) # v(A, B) in My(X]z]). Setting

u(A,B):<““ “12> and v(A,B):(UH “12),

U21 U2 V21  U22

we seethat for someindices: and j the polynomialsu;; andwv;; are distinct whence
u;; — vy is anon-zeropolynomial.Now take ary A € X andsetz(\) = (,: %). If the
equality

u(z(N), z(N)") = v(z(A), 2(\)7) (3.16)

holdsthen\ mustbearoot of the non-zeropolynomialu,; — v;; whence(3.16)canhold
only for finitely mary elements\ of K. SinceX is infinite, equality(3.16)fails for all but
finitely mary )\, andso,in particulartheidentityu(z, z7) = v(z, 2T) failsin GL4(X). O

Similarly, it canbeshawvn thattheinvolutory semigroup(M,,(R), -, *) is finitely based
for eachsubringR C C closedundercomplex conjugation—heré standgor thecomplex-
conjugatetransposition(a;;)* = (a;)". Indeed,we have already mentionedthat the
two matrices¢ andn in (3.10) generatea free subgroupof (SLy(Z), -, ') andhencea
free subsemigroupf (SLy(Z), -). But n = ¢* whencethe involutory subsemigroupn
(SLy(Z), -,*) generatedby ¢ is isomorphicto thefreeinvolutory semigroug#I({(}).

We notethatTheoren2.2andCorollary1.2 provethenon-eistenceof afinite identity
basedor the unarysubsemigroupf (M, (C), -,* ) [respectvely (M, (R),-,7)] thatcon-
sistsof all matricesof rankat most1 togethemith all unitary[respectvely all orthogonal]
matrices.

3.3 Matrix semigroupswith transposition over finite fields

Now we demonstrateéhat the caseof finite fields is completelyoppositeto the one of
infinite fieldswith respecto thefinite basisproblemfor matrix semigroupsith transpo-
sition. We startwith considering x 2-matricesHereTheorem?2.2 solvesthefinite basis
problemin the negative for theinvolutory semigrougM,(X), -, 7'} for eachfinite field X
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exceptX = Ty, the 2-elementffield. (The exceptionis dueto the factthatthe involutory
semigroupM, (T ), -, 7'} satisfiegheidentity

(zz")(yy")’ = (yy")*(22™)?

which doesnotholdin X3; consequentlyX; is notin var(M,(F,), -, 7) andTheorem2.2
doesnot apply here.)In the following theorem,we shall demonstratehe applicationof
Theorem2.2only in the casewhenX hasodd characteristicWith someadditionaleffort
we couldincludealsothe casewhenthe characteristiof X is 2 and |[K| > 4. We shall
omit this sincethatcasewill be coveredby a differentkind of proof later.

Theorem 3.8. For ead finite field X of odd characteristic, the involutory semigoup
(My(X), -, T) hasnofinite identity basis.

Proof. Let§ = (My(X),-,T). As in the proof of Theorem3.3 oneshaws that X3 is in
var 8. Furthermorelet d be the exponentof the group GL,(X). By Corollary 1.2, each
groupin Py(var 8) = var P;(8) satisfiegheidentity z?yx = ryz? andthereforeis abelian.
Ontheotherhand,asin the proof of Theorem3.4,thegroup§ = {4 € GL,(X) | AT =
A~1}isin var 8 butis non-abelianThus, Theoren2.2 applies. O

The next theoremcontainsthe even characteristicaseandproves,in fact,a stronger
assertion.

Theorem 3.9. For ead finite field X = (K, +, -) with | K| # 3 (mod 4), theinvolutory
semigoup (M, (X), -, T) is inherently nonfinitelybased.

Proof. As mentionedin Remark3.1, thereexists z € K for which1 + 22 = 0. Now
considerthefollowing matrices:

1 =z 10 1 z 10
10 0 0
(9 o-09)

ThenthesetM = {Hi,, Hi2, Ha1, Hao, I, O} is closedundermultiplicationandtranspo-
sition,henceM = (M, -, T} is aninvolutory subsemigroupf (M (X), -, 7). Themapping
TA; — M givenby

(i,j)*—)Hij, Ol—)O, 1—1

is anisomorphismof involutory semigroupsTheresultnow follows from Corollary 2.8.
O

The caseof matrix semigroup®f sizegreaterthan?2 is similar.

Theorem 3.10. For ead finite field X, theinvolutorysemigoup(M,, (X), -, ') withn > 3
is inherently nonfinitelybased.
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Proof. It followsfrom the Chevalley-Warningtheoren{52, Corollary2 in §1.2] thatthere
existz,y € K satisfyingl + 22 + 42 = 0. Now considerthefollowing matrices:

1 =z vy 1 00 1 z vy
Hi=|z 22 2y|,Hy= |2 0 0], Hy=1{0 0 0],
y xy y? y 00 000
1 00 1 00 0 00
Hy=10 0 0),I=101 0],0=10 0 0].
0 0O 0 0 1 0 0O

Again,thesetM = {Hyy, Hi2, Ho1, Hos, I, O} is closedundermultiplication andtrans-
position,andasin thepreviousproof, M = (M, -, 7) formsaninvolutory subsemigroupf
(M3(X),-,T) thatis isomorphicwith T.A;. Hence(M;(X), -, ) is inherentlynonfinitely
basedTheassertiorfor M,,(X) for n > 3 now follows in anobviousway. OJ

Remark 3.3. The statementsf Theorems3.8, 3.9, 3.10remainvalid if theunaryopera-
tion A — AT is replacedwith anoperationof theform A — A°” for ary automorphism
o of X, where(a;;)°" := (a;)".

We arereadyto prove the main resultof this subsectionWith the exceptionof the
‘only if’ partof item (2), thisis a summaryof Theorems3.8,3.9,and3.10.

Theorem3.11. LetX = (K, +, -) beafinitefield. Then
1. theinvolutorysemigoup (M, (X), -, ) is notfinitely based;

2. theinvolutorysemigoup (M, (X), -, T} is inherently nonfinitelybasedf andonly if
eithern > 3 orn =2 and|K| # 3 (mod 4).

Proof. The only assertionof this theoremnot coveredby our previous resultsis that
(My(X), -, 7'y is not inherentlynonfinitelybasedf |K| = 3 (mod 4). We employ Propo-
sition 2.9to prove this.

Recallthat the condition|K| = 3 (mod 4) correspondgreciselyto the casewhen
eachmatrix A in (My(X), -,T) admitsa Moore-Penros@verseA’ (Remark3.1).Let A
beamatrix of rank1; by (3.6)thereexistsascalara € X \ {0} suchthata A’ = AT. Let
r = |K| — 1; thena” = 1. Sincethe multiplicative subgroupof X is a cyclic subgroupof
GLy(X), thenumberr dividestheexponentd of GL,(X) whencen? = 1. Consequently

A(ATA)? = A(aAtA)? = o?A(ATA) = A,

If A € GLy(X), we alsohave A = A(ATA)? becausg AT A)? is the identity matrix;
clearly, the equality A = A(AT A)? holdsalsofor the casewhen A is the zero matrix.
Summarizingwe concludethatthe identity z = x(z”x)? holdsin the involutory semi-
group(My(X), -, 7). Settingw(z) := 27 (zz”)?"", we seethat (M, (X), -, 7) satisfieghe
identity z = zw(x)x, asrequiredby Proposition2.9. O

Remark 3.4. It is known [49, Corollary 6.2] that the matrix semigroup(M,, (X), -) is
inherently nonfinitely based(as a plain semigroup)for every finite field X. Thus,the
involutory semigroupgM,(X), -, ) overfinite fields X suchthat| K| = 3 (mod 4) pro-
vide a naturalseriesof unary semigroupsvhoseequationalpropertiesessentiallydiffer
from the equationapropertiesof their semigroupgreducts.
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3.4 Matrix semigroupswith symplectictranspose

A B
(¢ o)
with A, B, C, D beingm x m-matricesoverary field X, thesymplectidransposeX ” is
definedby
DT BT
X° = (_CT AT ) )

see.e.g.,[45, (5.1.1)]. The symplectictransposes an involution of (M,,,(X), -) whose
propertieessentiallydiffer from thoseof the usualtranspositionin fact,everyinvolution
of the semigroup(M,,(X), -) thatfixesthe scalarmatricesis in a certainsensesimilar to
eitherthe usualtranspositioror the symplectictransposé

The definition of the symplectictransposeresembleghat of the involution in the
twisted Brandt monoid TB; (definedin termsof 2 x 2-matrices)and leadsto the fol-
lowing application.

For a2m x 2m-matrix

Theorem 3.12. Theinvolutorysemigoup<M2m(ﬂC), : 5) is inherently nonfinitelybased
for eathm > 1 andead finitefield X = (K, +, -).

Proof. Considerthefollowing setsof 2m x 2m-matrices:

e (G )} {2 (a0 G0}
Om Om _ Om On
= {00 ) =2 (0 00}

wherefor ary positive integer k£, we denotebe I, respectiely, O, the identity, respec-
tively, zerok x k-matrix. Let

T= J HijU{Om, b}

1<i,j<2

ThesetT is closedundermultiplication and symplectictranspositiorwhence(T, - 5>
formsaninvolutory subsemigroupf <M2m(JC), “ S}. Ontheotherhand,themapping

Hij = (Za])a IQm = 1, 02m — 0

is ahomomorphisnof (T, -, ) ontoT'B,. Altogether the twistedBrandtmonoid TB}, is
ahomomorphidmageof aninvolutory subsemigroupf (M, (X), -, ). O

4We do not want to formalize this phrasein generalbecauséts meaningactually dependson some
intrinsic propertief thefield X. In thesimplestcasewhenX is algebraicallyclosedof characteristig 2,
the similarity takesthe strongesform: every involutory semigroupof the form (M, (X), -, *) suchthat*
fixesthe scalamrmatricesis isomorphicto either(M,,(X), -, ) or (M,,(X), -,®) (in thelattercasen should
be even).This is well known for involutionsthatrespecthe additionof matrices(see,e.g.,[44, Corollary
14.2]) but it easilyfollows from a classicresultby Khalezor [26] that every involution of the semigroup
(M, (X), -) automaticallypreseresaddition.
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Remark 3.5. It is easyto seethatthe involutory semigroup(M,,,(X), -, 7 embedsnto
(M (X), -, %) via the mappingA — (51 2{”) Therefore,jif m > 1 andX is an
infinite field, then{MQm(JC), “ 5> satisfiesnonon-trivial involutory identity andis finitely
based(seeSubsectior3.2). The 2 x 2-matricesover an infinite field fulfill non-triial
identitiesinvolving multiplication and the symplectictransposefor instance zzy =
yrz® or zz® = x°z. In fact,we have verifiedthatthesetwo identitiestogethemwith the
associatiity andtheinvolution laws (zy)° = y52%, (%) = z form anidentity basisfor
(M(X), -, ) with XK infinite. (The proof of thiswill be publishedseparately Thus,the
involutory semigroup( M., (X), -, ¥) is finitely basedf andonly if K is aninfinite field.

3.5 Booleanmatrices

Recallthata Booleanmatrix is a matrix with entriesO and1 only. The multiplication of
suchmatricesis asusual,exceptthatadditionandmultiplicationof the entriesis defined
as:a + b = max{a,b} anda - b = min{a, b}. Let B,, denotethe setof all Boolean
n x n-matriceslt is well known thatthe semigroup(B,,, -) is essentialljthe sameasthe
semigroupof all binaryrelationson ann-elementsetsubjectto the usualcompositionof
binaryrelations.Theoperation of forming the matrix transposehencorrespondso the
operationof forming thedualbinaryrelation.

Theorem 3.13. TheinvolutorysemigoupB,, = (B,, -, 1) of all Booleann x n-matrices
endowedvith transpositionis inherently nonfinitelybased.

Proof Considerthe Booleanmatrices

ThesetM = {Byi, Bia, Bo1, Bas, O, I'} is closedundermultiplication andtransposition
whenceM = (M,-,T) is aninvolutory subsemigroumf B,. The mappingTB; — M
givenby

(i,j)'—)BZ‘j, 0*—)0, 11

is anisomorphisnof involutory semigroupsBy Corollary2.7 M is inherentlynonfinitely
basedwhencesois B,. SinceB, canbe embeddedsan involutory semigroupnto B,,
for eachn, theresultfollows. O

Remark 3.6. Our proof of Theorem3.13alsoappliesto someimportantinvolutory sub-
semigroup®f B,,. In orderto introduceaninterestingnstancerecallthatBooleann x n-
matricesarein a 1-1 correspondencwith bipartite directedgraphswhosepartsare of
sizen: the bipartitegraphof a matrix A = (a,;) hastherow setandthe columnsetof A
asits partsandhasan edgefrom the :*" row to the j** columnif andonly if a;; = 1. If
thegraphof A admitsa perfectmatching(i.e. a setof edgessothatevery vertex is inci-
dentto preciselyoneof them), A is saidto beaHall matrix (the namesuggestedh [27]
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is, of course,inspiredby Hall’'s marriagetheorem).It is easyto seethatthe collection
HB, of all Hall n x n-matriceds closedundermultiplicationandtranspositionSinceall
thematricesB; 1, Byo, Ba1, Boo, O, I from the above proof areHall matrices,we readily
concludethattheinvolutory semigroup(HB,,, -, 7'} is inherentlynonfinitely based.

Remark 3.7. We canunify Theorem3.13andsomeresultsin Subsectior8.3 by consid-
eringmatricesover semirings A semiringis analgebraicstructurel = (L, +, -) of type
(2,2) suchthat(L, +) is acommutatve semigroup{L, -) is asemigroupandmultiplica-
tion distributesover addition.Fromthe proofsof Theorems3.9 and3.13we seethatthe
involutory matrix semigroup{M, (L), -,T) over afinite semiringis inherentlynonfinitely
basedwvheneer the semiringl hasa zeroO (thatis, a neutralelementfor (L, +) which
is atthe sametime anabsorbingelementor (L, -)) andsatisfiesoneof thefollowing two
conditions:

1. thereexist (not necessarilylistinct)elements, z # 0 suchthate? = e, ex = ze =
T, e+ 12 =0;

2. thereexistsanelemente # 0 suchthate? = e = e + e.

We have alreadymetaninfinite seriesof semiringssatisfying(1): it consistof thefinite
fieldsX = (K, +, -) with | K| # 3 (mod 4). It shouldbe notedthatsemiringssatisfying
(2) areevenmoreplentiful: for example,finite distributive latticesaswell asthe power
semiringsof finite semigroupgwith the subsetunion asadditionandthe subsefproduct
asmultiplication)fall in this class.

A Booleanmatrix A = (a;;) is saidto be uppertriangular if a;; = 0 wheneer
i > j. Let BT, standfor the setof all Booleanuppertriangularn x n-matrices.The
semigroups BT, -) play animportantrole in the theoryof formal languagessee[43];
their identitieshave beenstudiedby the third authorand Goldbeg in [56]. Obsenre that
this semigroupadmitsquite a naturalunary operation:the reflectionwith respecto the
secondargliagonal(the diagonalfrom thetop right to the bottomleft corner).We denote
by AP the resultof applyingthis operationto the matrix A. It is easyto seethat the
operationd — AP isin factaninvolution; this follows, for instance from the fact that
AP = JAT J whereJ is the Booleanmatrix with 1sin the secondaryiagonaland Os
elsavhere.

Theorem 3.14. For each integer n > 3, theinvolutory semigoup BT,, = (BT, -, ?) of
all Booleanuppertriangular n x n-matricesendowedvith the reflectionwith respecto
the secondarydiagonalis inherently nonfinitelybased.

Proof. Considerthe involutory submonoidM in BT,, generatedoy the following two
Booleanmatrices:

10 0 0 11 10
00 ...00 00 0 1
X=|:: . | ad VY= :
0 0 0 0 0 0 01
00 01 0 0 01
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Clearly, for eachmatrix (m;;) in this submonoiconehasm;; = m,,, = 1, whencetheset
of all matrices(m;;) suchthatm;,, = 1 formsanidealin M. We denotethis ideal by N.
A straightforvard calculationshows that, besidesX, Y, andthe identity matrix I, only
thetwo matrices

11 10 10 0 0
00 ... 00 00 01
Xy=|:: i i and YX=|: oo
00 0 0 00 ... 01
0 0 01 0 0 01

belongto M \ N. This allows oneto organizethefollowing bijectionbetweeriM \ N and
the setof non-zeromatricesin JA;;:

I'= (1), X—=008), Y=(5¢), XY =(51), YX=(55)

Oneeasilychecksthat extendingthis bijectionto M by sendingall elementdfrom N to
(99) yields an involutory semigrouphomomorphismfrom M onto TA,. Thus, TA; as
a homomorphiadmageof aninvolutory subsemigroupn BT,, belongsto the involutory
semigroupvariety generatedy BT,,. Corollary 2.8 implies that BT,, is inherentlynon-
finitely based. O

Remark 3.8. In [56] it wasshawn thatthe semigroup( BT, -) is inherentlynonfinitely
basedor n > 4. However, theconstructiorusedtheredoesnotimply thesamefactfor the
involutory case Our proofof Theoren.14follows adifferentconstructiorsuggestedor

theplain semigroupaseby Li andLuo [32]. Li andLuo have alsoverifiedthatthe semi-
group(BTs,, -) isfinitely basedWe do notknow whetheror nottheinvolutory semigroup
BT, is finitely based.

Otherinterestinginvolutory semigroupsof Booleanmatricesinclude the semigroup
BR, = (BR,,-,T) of all Booleann x n-matriceswith 1s on the main diagonal(such
matricescorrespondo reflexive binary relations)andthe semigroupBU,, = (BU,, -, )
of all Booleanuppertriangularn x n-matriceswith 1sonthe maindiagonal.(Theunary
operationis the usualtransposen the former caseandthe reflectionwith respecto the
secondargliagonalin thelatterone.)Our presentnethodsdo notyet suffice to handlethe
finite basisproblemfor theseunarysemigroupsowe justformulate

Problem 3.3. Are theinvolutory semigroup$BR,, andBU,, finitely basedor n > 3?

Theinvolutory semigroup$R, andBU, areeasilyseerto befinitely basedThefinite
basisproblemfor theplain semigroups BR,,, -) and{BU,, -) hasbeensolvedby thethird
author[55].
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