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Abstract

Westudymatrix identitiesinvolving multiplicationandunaryoperationssuchas
transpositionor Moore-Penroseinversion.We prove that in many casessuchidenti-
tiesadmitnofinite basis.

Keywords. matrix transposition,symplectictranspose,Moore-Penroseinverse,ma-
trix law, identity basis,finite basisproblem

Background and motivation

Matrices1 andmatrixoperationsconstitutebasictoolsfor many branchesof mathematics.
Importantpropertiesof matrixoperationsareoftenexpressedin form of lawsor identities
suchastheassociative law for multiplicationof matrices.Studyingmatrix identitiesthat
involve multiplicationandadditionis a classicresearchdirectionthatwasmotivatedby
several importantproblemsin geometryandalgebra(see[1] for a survey of theorigins
of the theory) and that haseventually led to the profoundand beautiful theory of PI-
rings [14,21,23,47]. Matrix identitiesinvolving alongwith multiplication andaddition
alsocertaininvolution operations(suchastaking theusualor symplectictransposeof a
matrix)haveattractedmuchattentionaswell, see,for instance,[9,10,15,20,47].

If oneaimsto classifymatrix identitiesof a certaintype, thena naturalapproachis
to look for a collectionof ‘basic’ identitiessuchthat all other identitieswould follow
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from thesebasicidentities.Sucha collectionis usuallyreferredto asan identitybasisor
simplyabasis. For instance,all identitiesof matricesoveraninfinite field involving only
multiplicationareknown to follow from theassociativelaw, see[22,Lemma2]. Thus,the
associative law forms a basisof such‘multiplicative’ identities.For identitiesinvolving
bothmultiplicationandaddition,anexplicit basisis known for

�����
-matrices(exceptthe

caseof aninfinite groundfield of characteristic2), see[8,13,30,36,46],andfor � � � - and� � �
-matricesoverafinite field, see[17,18].However, for matricesof arbitrarysizeover

afinite field or afield of characteristic0 thepowerful resultsby Kruse-L’vov [31,34] and
Kemer[24,25] ensureat leasttheexistenceof afinite identitybasisfor suchidentities.

In contrast,multiplicativeidentitiesof matricesoverafinite field admitnofinite basis.
This rathersurprisingfactwasprovedin themid-1980sby thethird author[53, Proposi-
tion 3] andSapir[49, Corollary6.2]. It is worthnotingthatmethodsusedin [53] and[49]
wereverydifferentbut eachof themsufficedto covermultiplicativeidentitiesof matrices
of everyfixedsizeovereveryfinite field.

In the presentpaperwe study matrix identitiesinvolving multiplication andoneor
two naturalone-placeoperationssuchastakingvarioustransposesor Moore-Penrosein-
version.For this we first have to adaptthe methodsof [53] and [49]. We presentthe
correspondingresultsin Section2 while Section1 collectsnecessarypreliminaries.Ap-
plicationsto thefinite basisproblemfor matrix identitiesarepresentedin Section3. Both
methodsof Section2 areusedhere,andit turnsout thatthey in somesensecomplement
oneanothersince,in contrastto thecaseof purely multiplicative identities,noneof the
methodsalonesufficesto cover, say, identitiesof matricesof every sizeover every finite
field involving multiplicationandtheusualtranspositionof matrices.

Our mainresultsmaybeasummarizedasfollows.

Theorem. Each of following setsof matrix identitiesadmitsno finite identitybasis:� theidentitiesof � � � -matricesovera finitefield involvingmultiplicationandusual
transposition;� the identitiesof

� � ��� � -matricesover a finite field involving multiplication and
symplectictransposition;� the identitiesof

���	�
-matricesover thefield of complex numbers involvingeither

multiplication and Moore-Penroseinversion or multiplication,Moore-Penrosein-
versionandHermitianconjugation;� theidentitiesof Boolean� � � -matricesinvolvingmultiplicationandtransposition.

We mentionin passingthat toolsdevelopedin Section2 admitmany furtherapplica-
tionsthatwill bepublishedin aseparatepaper.

As far asthe theoryof matricesis concerned,we usefairly standardconceptsof lin-
earalgebra,see[38]. Our proofshowever involve somenotionsof equationallogic and
semigrouptheorywhicharebriefly recalledin thenext section.
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1 Preliminaries

1.1 Vocabulary of equational logic

Theconceptsof an identity andan identity basisareintuitively clear. Nevertheless,any
precisereasoningabouttheseconceptsrequiresaformal framework, especiallywhenone
aimsat‘negative’ resultsaswedoin thispaper. Suchaframework,providedbyequational
logic, is conciselypresented,e.g., in [5, ChapterII]. For the reader’s convenience,we
briefly overview thebasicvocabulary of equationallogic in a form adaptedto theusein
this paper. Readersfamiliarwith equationallogic may, of course,skip this overview.

A non-empty set 
 endowed with operations �
� ��
 � 
 �	������� 
� ��� ���� � 
 ,

������
 � 
 �	������� 
� ��� ��� � 
 , . . . is called an algebraic structure of type !"�#�%$&�'��$)()()(&*
with thecarrier 
 . Algebraicstructuresconsideredin thispaperaremostlyof types ! � $)+,*
or ! � $)+-$)+,* sothatthey haveonebinaryoperationandoneor two unaryoperations.Since
binary operationsinvolvedarealwaysassumedto satisfythe associative law, our struc-
turesaresemigroupsequippedwith oneor two additionalunaryoperations;for brevity,
weshallcall suchstructuresunarysemigroups.

We formally definenotionsrelatedto unarysemigroupidentitiesonly for thecaseof
oneunaryoperationleaving the straightforward modificationfor the caseof two unary
operationsto thereader. Givena countablyinfinite set . , we definetheset /0!1.2* of all
unarysemigrouptermsover . asfollows:� every 3545. is aunarysemigrouptermandsois 376 ;� if 8 and 9 areunarysemigroupterms,thensois their concatenation8:9 ;� if 8 is aunarysemigroupterm,thensois !18;*<6 .
The algebraicstructure=�!1.>*@?BA"/0!1.2*%$ � $ 6&C of type ! � $)+�* whosebinary operation

�
is

concatenationandwhoseunaryoperationis 8ED� !18;* 6 is calledthe freeunarysemigroup
over . . By aunarysemigroupidentityover . wemeanaformalexpression8F?G9 where8H$I9J4K/0!L.>* . A unarysemigroupMN?OAQPR$ � $S6 C satisfiestheidentity 8T?U9 if theequalityV !"8;*W? V !19�* holdsin M underall possiblehomomorphismsV ��=�!1.2* � M . Given M , we
denoteby XZY[M thesetof all unarysemigroupidentitiesit satisfies.

Givenany collection \ of unarysemigroupidentities,we saythatan identity 8K?]9
follows from \ or that \ implies 85?U9 if every unarysemigroupsatisfyingall identities
of \ satisfiesthe identity 8>?^9 aswell. Birkhoff ’s completenesstheoremof equational
logic (see[5, Theorem14.17])shows that this notion (which we have givena semantic
definition) canbe capturedby a very transparentset of inferencerules.Theserules in
fact formalizethemostnaturalthingsonedoeswith identities:substitutionof a termfor
a variable,applicationof operationsto identities(suchas,say, multiplying an identity
throughon the right by thesameterm)andusingsymmetryandtransitivity of equality.
Weneednotgoinginto moredetailherebecausethecompletenesstheoremis notutilized
in this paper.
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GivenaunarysemigroupM , anidentitybasisfor M is any set \G_`XaY[M suchthatevery
identity of XaYbM follows from \ . A unarysemigroupM is said to be finitely basedif it
possessesafinite identitybasis;otherwiseM is callednonfinitelybased.

Theclassof all unarysemigroupssatisfyingall identitiesfrom a givenset \ of unary
semigroupidentitiesis calledthe varietydefinedby \ . A variety is is saidto be finitely
basedif it canbe definedby a finite setof identities;otherwiseit is callednonfinitely
based.

It is easyto seethatthesatisfactionof anidentity is inheritedby forming directprod-
ucts,takingunarysubsemigroupsandhomomorphicimagessothateachvarietyis closed
undertheseoperators.In fact,varietiescanbecharacterizedby this closureproperty(the
HSP-theorem,see[5, Theorem11.9]).GivenaunarysemigroupM , thevarietydefinedbyXZY[M is thevarietygeneratedby M ; wedenotethisvarietyby c�d�e�M . FromtheHSP-theorem
it follows thatevery memberof c�d�efM is a homomorphicimageof a unarysubsemigroup
of a direct productof several copiesof M . Observe alsothat a unarysemigroupandthe
varietyit generatesaresimultaneouslyfinitely or nonfinitelybased.

A variety g is saidto belocally finite if everyfinitely generatedmemberof g is finite.
A finite unarysemigroupis calledinherentlynonfinitelybasedif it is notcontainedin any
finitely basedlocally finite variety. Sincethe variety generatedby a finite unarysemi-
groupis locally finite (this is aneasyconsequenceof theHSP-theorem,see[5, Theorem
10.16]),thepropertyof beinginherentlynonfinitelybasedimplies thepropertyof being
nonfinitelybased;in fact,theformerpropertyis muchstronger.

1.2 Vocabulary of semigroup theory

Sincethealgebraicstructureswe dealwith aresemigroupswith someadditionalopera-
tion(s),we freely usethestandardterminologyandnotationof semigrouptheory, mostly
following the early chaptersof the textbook [6]. It shouldbe noted,however, that our
presentationis to a reasonableextent self-containedand doesnot requireany specific
semigroup-theoreticbackground.

In general,consideringa unarysemigroupMh? AiPR$ � $ 6SC , we do not assumeany ad-
ditional identitiesinvolving the unary operation 6 . If the identities !L3:jk* 6 ? j 6 3 6 and!13 6 * 6 ?]3 happento hold in M , in otherwords,if the unaryoperation3lD� 3 6 is an in-
volutory anti-automorphismof thesemigroupAiPR$ � C , we call M an involutorysemigroup.
If, in addition,the identity 3K?m3n376&3 holds, M is saidto bea regular o -semigroup. Each
group,subjectto its inverseoperation3ED� 3qp � , is aninvolutory semigroup,evena regu-
lar o -semigroup;throughoutthepaper, any groupis consideredasaunarysemigroupwith
respectto this inverseunaryoperation.

A wealthof examplesof involutory semigroupsandregular o -semigroupscanbeob-
tainedvia thefollowing ‘unary’ versionof thewell known Reesmatrixconstruction2. Letr ?BAQst$ � $ p � C be a group, u a symbolbeyond s , and v a non-emptyset.We formally
set u p � ?wu . Givenan v � v -matrix x]?y!{zk|~}%* over s��	��u�� suchthat zk|�}�?�z p �}�| for all� $���45v , wedefineamultiplication

�
andaunaryoperation6 ontheset !"v � s � v�*:�J��u��

2See[6, Section3.1] for adescriptionof theconstructionin theplainsemigroupcaseand[19,Section2]
for a detailedanalysisof its unaryversion.
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by thefollowing rules:� � u@?�u � � ?�u for all � 4�!1v � s � v�*��2��u��
$! � $I�7$���* � !��;$��q$<�)*a? � ! � $I�,z�}<���q$<�)* if z�}<�t�?Gu�$u if z�}<��?Gu��! � $I�7$���* 6 ?�!��-$I� p � $ � *%$au 6 ?�u�(
It canbeeasilycheckedthat AI!"v � s � v�*�����u���$ � $ 6&C becomesaninvolutorysemigroup;it
will bearegular o -semigrouppreciselywhenzk|�|;?�� (theidentityelementof thegroup

r
)

for all
� 4 v . Wedenotethisunarysemigroupby ¡�¢,!1v:$ r $&v:�Sx�* andcall it theunaryRees

matrix semigroup over
r

with the sandwich matrix x . If the involvedgroup
r

happens
to be the trivial group £¤?¥���f� , thenwe shall ignorethe groupentry andrepresentthe
non-zeroelementsof suchaReesmatrix semigroupby thepairs ! � $���* with

� $���4 v .
In this paper, the10-elementunaryReesmatrix semigroupover thetrivial group £J?���f� with thesandwichmatrix ¦§ � � �� � u� u �

¨©
playsa key role; we denotethis semigroupby ª�« . Thus,subjectto theconventionmen-
tionedabove, ª�« consistsof theninepairs ! � $���* , � $��54h��+-$ � $S��� , andtheelementu , and
theoperationsrestrictedto its non-zeroelementscanbedescribedasfollows:

! � $i��* � !��;$<�)*a? � ! � $<�)* if !¬�-$��k*­�?m! � $S�
*�$,!���$ � *%$u otherwise� (1.1)! � $���* 6 ?^!¬�-$ � *�(
Anotherunarysemigroupthatwill bequiteusefulin thesequelis the freeinvolutory

semigroup ®°¯�!L.>* onagivenalphabet. . It canbeconstructedasfollows.Let .¥?±��376@²3242.K� bea disjoint copy of . anddefine !1376�*³6´?�3 for all 376�4 . . Then ®Z¯�!1.2* is the
freesemigroup!1.µ� .2*³¶ endowedwith aninvolution 6 definedby!L3q� ����� 3n·´* 6 ?`3 6· ����� 3 6 �
for all 3q�%$)()()(�$I3n·`45.µ� . . See[19, Section3] for moredetailson ®°¯�!L.>* .

Wewill referto elementsof ®Z¯�!1.>* asinvolutorywordsover . while elementsof the
freesemigroup. ¶ will bereferredto as(plain semigroup)wordsover . .

1.3 A property of matricesof rank 1

Givenafield ªw?^AQ¸ $�¹º$ � C , wedenotethesetof all � � � -matricesover ª by » � !"ª�* . As
mentionedin theintroduction,in orderto avoid trivialities,wealwaysassumethat �2¼ � .

We concludeour preparationswith registeringa simplepropertyof rank 1 matrices.
Thispropertyis,of course,known,but wedoprovideaprooffor thesakeof completeness.

Lemma 1.1. If a matrix 
½4G» � !"ª�* hasrank + , then 
 �S¾ 
µ?µ
 ¾ 
 � for any matrix¾ 42» � !1ª¿* .
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Proof. Considerthenaturalactionof 
 on thevectorspacȩ
�
. Thenull-spaceÀK!"
�*Á?��3 4T¸ � ²�3:
G?�u�� hasdimension�FÂh+ whencethegeneralizedeigenspaceof 
 corre-

spondingto theeigenvalueu coincideswith either ¸ � or À	!"
�* . In theformercase
 � ?�u
and 
 ��¾ 
µ?Ãu ?µ
 ¾ 
 � for any matrix ¾ . In the latter casȩ

�
decomposesinto the

directsumof À	!1
­* andtherangeÄt!"
­*°?���3:
�²�3242¸ � � , see[38, Section5.10].ThenÄt!"
­* is in factthe(generalized)eigenspaceof 
 correspondingto anon-zeroeigenvalueÅ 4w¸ and the minimal polynomial of 
 is 3Æ!13>Â Å * . Thus, 
 satisfiesthe equation
 � Â Å 
G?Gu , whence
 ��¾ 
�? Å 
 ¾ 
�?`
 ¾ Å 
G?G
 ¾ 
 � , asrequired.

Let Ç � !1ª¿* denotethesetof all � � � -matricesof rankat most1 over ª . Adding the
identity matrix to Ç � !1ª¿* we get a setwhich we denoteby Ç �� !"ª�* . Clearly, it is closed
undermatrixmultiplication.FromLemma1.1we immediatelyobtain

Corollary 1.2. Thesemigroup AQÇ �� !1ª¿*�$ � C satisfiestheidentity3 � j�3¿?�3:j�3 � ( (1.2)

Observe thateverygroupsatisfying(1.2) is abelian.

2 Tools

2.1 A unary versionof the critical semigroup method

Herewe presenta ‘unary’ modificationof the approachusedin [53]. Accordingto the
classificationproposedin thesurvey [54], thisapproachis referredto asthecritical semi-
groupmethod.

The formulationof the correspondingresult involvestwo simpleoperatorson unary
semigroupvarieties.For any unarysemigroupMF?�AiPR$ � $ 6SC we denoteby Èº!�Mk* theunary
subsemigroupof M which is generatedby all elementsof theform 3n3 6 , where3T4>P . We
call Èº!�Mk* theHermitiansubsemigroupof M . For any variety g of unarysemigroups,letÈº!1g * be thesubvarietyof g generatedby all Hermitiansubsemigroupsof membersofg . Likewise,givena positive integer � , let É � !�Mk* betheunarysubsemigroupof M which
is generatedby all elementsof theform 3 � , where354>P , andlet É � !1g * bethesubvariety
of g generatedby all subsemigroupsÉ � !QMk* , where MF45g .

Thefollowing easyobservationwill beusefulin thesequelasit helpscalculatingthe
effectof theoperatorsÈ and É � .
Lemma 2.1. È0!1c�d�e�Mk*b?Uc�d�efÈ0!QMk* and É � !Lc�d�e�Mk*b?Uc�d�e�É � !QM�* for everyunarysemigroupM andfor each � .

Proof. The non-trivial part of the first claim is the inclusion Èº!Lc�d�efMk*N_Êc�d�e�Èº!�Mk* . Let=Ë45c�d�efM , then = is ahomomorphicimageof aunarysubsemigroupÌ of adirectproduct
of several copiesof M . But then È0!"=W* is a homomorphicimageof Èº!LÌ�* . As is easyto
see,Èº!1Ì�* is a unarysubsemigroupof a direct productof several copiesof Èº!�Mk* . ThusÈº!"=W*Í45c�d�e�Èº!�Mk* . Sincethisholdsfor anarbitrary =Ë45c�d�efM , weconcludethat Èº!1c�d�e-M�*´_c�d�e�Èº!QM�* . Thesecondassertioncanbetreatedin a completelysimilar way.
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Wearenow readyto statethemainresultof thissubsection.

Theorem 2.2. Let g beanyunarysemigroupvarietysuch that ªÎ«Ï45g . If either� thereexistsa group
r

such that
r 4Jg but

r�Ð42Èº!LgT*
or � thereexista positiveinteger Ñ anda group

r
of exponentdividing Ñ such that

r 45g
but

r�Ð4TÉ�Òf!LgT* ,
then g hasnofinitebasisof identities.

Proof. Assumefirst thatthereexistsagroup
r 4 g for which

rlÐ4 Èº!1g * .
1. Firstwerecallthebasicideaof ‘the critical semigroupmethod’in theunarysetting.

Supposethat g is finitely based.If \ is a finite identity basisof thevariety g thenthere
exists a positive integer � suchthat all identitiesfrom \ dependon at most � letters.
Thereforeidentitiesfrom \ hold in a unarysemigroupM whenever all � -generatedunary
subsemigroupsof M satisfy \ . In other words, M belongsto g whenever all of its � -
generatedunarysubsemigroupsarein g . We seethat in orderto prove our theoremit is
sufficient to construct,for any given positive integer � , a unarysemigroup=R� Ð4`g for
whichall � -generatedunarysubsemigroupsof =R� belongto g .

2. Fix an identity 8Æ!13q�S$)()()(�$I3n·´*�?�9;!13q�%$�()()(%$I3n·´* thatholdsin Èº!1g * but fails in the
group

r ?yAQst$ � $ p � C . The lattermeansthat,for some����$)(�()(�$I��·U4�s , substitutionof ��|
for 3n| yields 8R!L���S$)()()(�$I��·W*��?G9;!L����$�()()(�$<��·W*%( (2.1)

Now, for eachpositive integer � , let �G?ÊÓ�Ô�Õ:� � $ � �t¹�+f� , vË?Ö��+f$)()()(�$&�'× � andcon-
sidertheunaryReesmatrix semigroup=R�0?µ¡�¢�!"v:$ r $&v:�SxH�)* over the group

r
with the

sandwichmatrix

xH��?
¦ØØØØØØØØØ§
Ù � !1���<* Ú � Û�� Û�� ����� Û�� ÚÝÜ�Ú­Ü� Ù � !1����* Ú � Û�� ����� Û�� Û��Û�� ÚÝÜ� Ù � !1��«�*ÞÚ � ����� Û�� Û��

...
...

...
...

. . .
...

...Û�� Û�� Û�� Û�� ����� Ú � Û��Û�� Û�� Û�� Û�� ����� Ù � !L��· p �<* Ú �Ú � Û�� Û�� Û�� ����� ÚÝÜ� Ù � !L��·W*

¨�ßßßßßßßßß© $

where Û�� is thezero � � � -matrix, Ú � is the � � � -matrix having � (the identity of
r
)

in theposition !"�Æ$)+,* and0 in all otherpositions,Ú­Ü� is the transposeof Ú � , and
Ù � !L�k*

denotesthe � � � -matrixof theform

Ù � !1��*Í?
¦ØØØØØØØØØ§

� � u ����� u u �� p � � � ����� u u uu � � ����� u u u
...

...
...

. . .
...

...
...u u u ����� � � uu u u ����� � � �� u u ����� u � �

¨ ßßßßßßßßß© (
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(This constructionis in a sensea combinationof thoseof thefirst andthe third authors’
papers[3] and[53].) We aim to prove that =Æ� enjoys thetwo propertiesneeded,namely,
it doesnotbelongto g , but each� -generatedunarysubsemigroupof =R� lies in g .

3. In orderto prove that =R� Ð4`g , we constructan identity that holdsin g , but fails
in =Æ� . Considerthefollowing × termsin ×F� letters 3q�%$)(�()(�$I3n· � (thesquarebracketsin
thesetermsserveonly to improvereadability):à �Z?�á�3q��376� ����� 3 � 376��â á¬!13 � ¶ � ����� 3:� � *�!L3 � ¶ � ����� 3:� � *<6<3:� � 376� �fâ �����

[ !L3qã�· p ��ä � ¶ � ����� 3n· � *�!L3qã�· p ��ä � ¶ � ����� 3n· � * 6 3n· � 3 6· � â ,à �[?�á�!L3q� ����� 3 � *�!13q� ����� 3 � * 6 3 � 3 6�fâ á�3 � ¶ ��3 6� ¶ � ����� 3:� � 3 6� �fâ �á¬!13:� � ¶ � ����� 3:« � *�!13:� � ¶ � ����� 3:« � * 6 3:« � 3 6« ��â �����á�!L3qã�· p ��ä � ¶ � ����� 3n· � *�!L3qã�· p ��ä � ¶ � ����� 3n· � * 6 3n· � 3 6· � â ,à «[?�á�!L3q� ����� 3 � *�!13q� ����� 3 � * 6 3 � 3 6�fâ á�!L3 � ¶ � ����� 3:� � *�!L3 � ¶ � ����� 3:� � * 6 3:� � 3 6� �fâ �á�3:� � ¶ ��3 6� � ¶ � ����� 3:« � 3 6« �fâ ����� á¬!13 ãå· p ��ä � ¶ � ()()(<3n· � *�!13 ãå· p ��ä � ¶ � ()()(³3n· � * 6 3n· � 3 6· �fâ ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .à ·l?má¬!13q� ����� 3 � *�!L3q� ����� 3 � * 6 3 � 3 6��â á¬!13 � ¶ � ����� 3:� � *�!13 � ¶ � ����� 3:� � * 6 3:� � 3 6� ��â ()()(á¬!13qãå· p ��ä � ¶ � ����� 3qã�· p ��ä � *�!13qãå· p ��ä � ¶ � ����� 3qãå· p ��ä � *³6<3qãå· p ��ä � 376 ãå· p ��ä � â �á�3qãå· p ��ä � ¶ �³3 6 ãå· p ��ä � ¶ � ����� 3n· � 3 6· � â .
Substitutingà | for 3n| in 8 respectively 9 , wegettheidentity8Æ! à ��$�()()(%$ à ·W*°?�9'! à �S$)(�()(�$ à ·W* (2.2)

which holdsin thevariety g . Indeed,if we take any Mæ4Ëg , then,since ç,ç 6 4lÈº!QM�* for
any ç in M , all the valuesof à | belongto the HermitiansubsemigroupÈ0!QMk* of M . This
subsemigroup,however, lies in È0!1g * , andtherefore,satisfiestheidentity 8F?�9 .

Now we shallshow that(2.2) fails in =R� . Indeed,substituting! � $S�-$ � *�4	=R� for 3n| , we
calculatethatthevalueof every termof theform!L3 ã�} p ��ä � ¶ � ����� 3�} � *�!L3 ã�} p ��ä � ¶ � ����� 3�} � * 6 3�} � 3 6} �
is equalto !I!¬��Âè+,*��Î¹�+-$S�-$i���q* while thevalueof eachtermof theform3qã } p ��ä � ¶ ��3 6 ã } p ��ä � ¶ � ����� 3�} � 3 6} �
is equalto !I!��qÂt+,*��Í¹�+f$I�)}�$��
��* . Hencethevalueof à } is just !³+-$I��})$&×F�q* . Therefore,under
thissubstitution,theleft handpartof (2.2)takesthevalue !�ç-$&8Æ!1���S$)()(�(�$I��·W*%$Ié<* for suitableç
$<é24y��+f$&×F�Æ� while the value of the right handpart of (2.2) is !Qç�êë$&9;!1���S$)()(�(�$I��·W*%$Ié�êì*
(againfor suitableç ê $Ié ê 4	��+-$&×F�H� ). In view of theinequality(2.1),theseelementsdonot
coincidein =R� .

4. It remainsto prove thateach� -generatedunarysubsemigroupof =Æ� lies in g . For
every × -tuple !Qí'��$)()()(�$�ík·[* of positive integerssatisfying+Ýî�íq�Wîè�2ï`í:��î � �2ïèín«�îð()()(�!1×µÂh+�*³�2ï`ík·èîè×F�R$ (2.3)

considerthe unary subsemigroup=Æ�,!Qí'��$)(�()(�$�ík·W* of =R� consistingof 0 and all triples! � $<�;$i��* suchthat �ñ4½s and
� $�� Ð4Ö��íq�S$)()()(�$�ín·b� . Using that

� �ñï � accordingto
our choiceof � , oneconcludesthat any given � elementsof =Æ� must be containedin
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=R��!�íq�S$)()()(�$�ín·W* for suitableíq��$�()()(�$Sín· . Thusit is sufficient to provethateachsemigroup
of theform =R�)!Qí'��$)()(�(�$�ík·W* belongsto thevariety g .

Let usfix positive integers í'��$)()()(�$�ík· satisfying(2.3).Whenmultiplying triplesfrom=R��!�íq�S$)()()(�$�ín·W* , the íkò�ó� $)()(�(�$�í�òëó· rows andcolumnsof thesandwichmatrix xH� arenever
involved. Thereforewe can identify =Æ��!Qí'��$)(�()(�$�ík·W* with the unary Reesmatrix semi-
group ¡�¢,!1v ê $ r $&v ê �&x ê� * over thegroup

r
where v ê ?Uv@ôÝ��íq�%$)(�()(�$Sín·�� andthesandwich

matrix x­ê� ?½xÆ�
!�íq�S$)()()(�$�ín·W* is obtainedfrom xÆ� by deletingits í�òëó� $�()()(�$Síkò�ó· rows and
columns.Note that by (2.3) exactly one row andonecolumnof eachblock

Ù � !1��|1* is
deleted.

Now we transformthe matrix xH�
!�íq��$�()()(�$Sín·W* as follows. For each
�

suchthat ! � Â+,*³�Î¹ � ïèín| , wemultiply successively

therow !I! � Âè+,*³�Î¹ � * by ��| from theleft and
thecolumn !I! � Âh+�*³�Î¹ � * by � p �| from theright;
therow !I! � Âè+,*³�Î¹l�
* by ��| from theleft and
thecolumn !I! � Âh+�*³�Î¹¤�-* by � p �| from theright; (2.4)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
therow !Qík|:Âè+,* by ��| from theleft and
thecolumn !Qík|;Â�+,* by � p �| from theright.

In order to help the readerto understandthe effect of the transformations(2.4), we
illustratetheir actionon the block obtainedfrom

Ù � !1��|1* by removing the í�òëó| row and
columnin thefollowing schemein which ín| hasbeenchosento beequalto ! � Â�+,*��t¹lõ .
(Thetransformationshave no effect beyond

Ù � !1��|1* becauseall therows andcolumnsofxÆ�f!Qí'�%$)()()(�$�ín·W* involvedin (2.4)havenon-zeroentriesonly within
Ù � !L��|L* .)

Theblock obtainedfrom ö ��÷�ø |"ù by erasing After thefirst
the ÷�÷ëú;û2ü ù�ý�þ2ÿ,ù ò�ó row andcolumn transformation�������������
� ø |�� � � ������� �ø p �| � � � � ������� �� � � � � ������� �� � � � � ������� �� � � � � ������� �
...
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. . .
...
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Now it shouldbe clear that also in generalthe transformations(2.4) result in a matrix
 � all of whosenon-zeroentriesare equal to � . On the other hand,it is known (see,
e.g., [3, Proposition6.2]) that the transformations(2.4) of the sandwichmatrix do not
changetheunarysemigroup=R�)!Qí'��$)()()(�$�ík·[* ; in otherwords=R�)!Qí'�%$)()()(%$�ík·´* is isomorphic
to the v
ê � v
ê unaryReesmatrix semigroup�Ï� over

r
with thesandwichmatrix


 � . LetÌÏ� bethe v ê � v ê unaryReesmatrixsemigroupover thetrivial group £ with thesandwich
matrix


 � . It is easyto checkthatthemapping
r � ÌÏ� � �Ï� definedby!1�7$,! � $���*I*aD� ! � $I�7$���*%$ !1�7$Su
*aD� u

for all �N4æs ,
� $i�N42v
ê , is a unarysemigrouphomomorphismonto ��� . Now we notethatr 45g and Ì�� belongsto thevarietygeneratedby ªÎ« (see[3, Theorem5.2]). Thisyields=R��!�íq�S$)()()(�$�ín·W*�� ? ���­45g .

Thecasewhenthereexist a positive integer Ñ anda group
r

of exponentdividing Ñ
suchthat

r 4 g but
r¤Ð4>ÉfÒ�!LgT* canbetreatedin a very similar way. Theconstructionof

thecritical semigroupsremainsthesame,andtheonly modificationto bemadein therest
of theproof is to replacethetermsà | aboveby thefollowing plainsemigroupwords:à �Z?�á�3 Ò � ����� 3 Ò� â á 3 � ¶ � ����� 3:� � â Ò ����� á 3qãå· p ��ä � ¶ � ����� 3n· � â Ò ,à �[?�á�3q� ����� 3 � â Ò á 3 Ò� ¶ � ����� 3 Ò� ��â ����� á�3 ãå· p ��ä � ¶ � ����� 3n· � â Ò ,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .à ·l?má 3q� ����� 3 � â Ò á�3 � ¶ � ����� 3:� � â Ò ����� á 3 Ò ã�· p ��ä � ¶ � ����� 3 Ò· � â .
(Thesewordsalreadyhavebeenusedin theplainsemigroupcaseby thethird author[53].)

2.2 A unary version of the method of inherently nonfinitely based
semigroups

Herewe prove a sufficient conditionfor an involutory semigroupto be inherentlynon-
finitely basedandexhibit two concreteexamplesof involutorysemigroupssatisfyingthis
condition.Theseexampleswill beessentialin our applicationsin Section3.

Let 3q��$I3:��$)()(�(�$I3 � $)()()( be a sequenceof letters.The sequence��� � � ��� ��� ��������� of Zimin
words is definedinductively by �W�Ï?m3q� , � � ¶ �Ï?�� � 3 � ¶ ��� � . We saythatan involutory
word 9 is an involutory isotermfor a unary semigroup M if the only involutory word 9 ê
suchthat M satisfiestheinvolutorysemigroupidentity 9º?G9
ê is theword 9 itself.

Theorem 2.3. Let M be a finite involutory semigroup. If all Zimin words are involutory
isotermsfor M , then M is inherentlynonfinitelybased.

Proof. Arguingby contradiction,supposethat M belongsto a finitely basedlocally finite
variety g . If \ is afinite identitybasisof g , thenthereexistsapositiveinteger � suchthat
all identitiesfrom \ dependonatmost� letters.Clearly, all identitiesin \ holdin M . In the
following,ouraimwill beto construct,for any givenpositiveinteger � , aninfinite,finitely
generatedinvolutorysemigroup=Æ� whichsatisfiesall identitiesin atmost � variablesthat
hold in M . In particular, =�� will satisfyall identitiesfrom \ . Thisyieldsacontradiction,as
thenwemustconcludethat =��R45g , which is impossibleby thelocal finitenessof g .
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Weshallemploy aconstructioninventedby Sapir[49], seealsohis lecturenotes[51].
We fix � and let �è? �
�N¹ �

. Considerthe � � � � -matrix
Ù

shown in the left hand
partof Fig. 1. All oddcolumnsof

Ù
areidenticalandequalto thetransposeof the row

Ù ?

¦ØØØØØØØØØØØØØØØØØ§

+ + ����� + +
...

...
. . .

...
...+ � ����� + �� + �����Þ� +

...
...

. . .
...

...� � �����Þ� �
...

...
. . .

...
...� + ����� � +

...
...

. . .
...

...� � ����� � �

¨�ßßßßßßßßßßßßßßßßß©
Ù � ?

¦ØØØØØØØØØØØØØØØØØ§

� ��� � �"� ����� � �"! p � � �"!
...

...
. . .

...
...� ��� � !�� ����� � �"! p � � !#!� �I� � �"� ����� � �$! p � � �"!

...
...

. . .
...

...� �I� � !�� ����� � �$! p � � !#!
...

...
. . .

...
...� !I� � �"� ����� � !$! p � � �"!

...
...

. . .
...

...� !I� � !�� ����� � !$! p � � !#!

¨�ßßßßßßßßßßßßßßßßß©

Figure1: Thematrices
Ù

and
Ù �

!³+-$)(�()(�$�+-$ � $)(�()(�$ � $)()()(%$%�,$)()(�(�$%�f* whereeachnumberoccurs� times.All evencolumnsofÙ
areidenticalandequalto thetransposeof therow !�+-$ � $�()()(%$%�,$)()()(%$)+-$ � $)()()(%$%�f* in which

theblock +-$ � $)()()(%$%� occurs� times.
Now considerthealphabet
ð?�� � |~} ²�+�î � $��Fî&��� of cardinality � � . We convert the

matrix
Ù

to thematrix
Ù �

(shown in theright handpartof Fig. 1) by replacingnumbers
by lettersaccordingto thefollowing rule: whenever thenumber

�
occursin thecolumn �

of
Ù

, wesubstituteit with theletter � |~} to getthecorrespondingentryin
Ù �

.
Let 9(' be theword in the éiò�ó row of thematrix

Ù)�
. Considertheendomorphism*h�
 ¶ � 
 ¶ definedby *Í! � |~}�*a?�9�ãå| p ��ä+! ¶ }�(

Let ,n� bethesetof all factorsof thewordsin thesequence��* · ! � ���I*S��· � ��� ��������� andlet u be
asymbolbeyond ,:� . We defineamultiplication

�
on theset ,:�°�2��u�� asfollows:

8 � 9 ? � 879 if 8#$&9:$&8:9�4-,n�f$u otherwise(
Clearly, A$,n���@��u���$ � C becomesasemigroupwhichwedenoteby .Z¢� . Usingthissemigroup,
wecanconvenientlyreformulatetwo majorcombinatorialresultsby Sapir:

Proposition 2.4. [51, Proposition2.1] Let .Î�J?Þ��3q�%$)()(�(�$I3:��� and à 4 . ¶� . Assume
that there existsa homomorphismV �7. ¶� � . ¢� for which V ! à *��?�u . Thenthere is an
endomorphism/���. ¶� � . ¶� such that theword /�! à * appears asa factor in theZimin
word �a� .
Proposition 2.5. [51, Lemma4.14] Let .Î�F? ��3q�%$)(�()(�$I3:�,� and à $ à êÁ4è. ¶� . Assume
that there existsa homomorphismV �W. ¶� � . ¢� for which V ! à *>�? V ! à ê * . Thenthe
identity à ? à ê impliesa non-trivial semigroupidentityof theform �a� ¶ �Z?10 .
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Now let . ¢� denotethe semigroupanti-isomorphicto . ¢� ; we shall usethe notation3^D� 3 6 for the mutual anti-isomorphismsbetween. ¢� and . ¢� in both directionsand
denote�,9 6 ²,9¿4-,n�,� by ,@� . Let=R�Á?mA#,:�°� ,��°�2��u���$ � $ 6 C
be the 0-directunion of . ¢� and . ¢� ; this meansthat we identify u with u 6 , preserve the

multiplicationin both . ¢� and . ¢� , andset 8 � 9 6 ?�8 6 � 9Î?�u for all 8#$&9¿4),n� . This is the
unarysemigroupweneed.

It is clearthat =R� is infinite andis generated(asaunarysemigroup)by theset 
 which
is finite. It remainsto verify that =R� satisfiesevery identity in at most � variablesthat
holdsin our initial unarysemigroupM . So,let z�$%2º4T®Z¯�!1.Î��* andsupposethattheidentityz�?32 holds in M but fails in =R� . Thenthereexists a unarysemigrouphomomorphismV �7®Z¯f!L.Î�)* � =Æ� for which V !ìz7*t�? V !42f* . Hence,at leastoneof theelementsV !ìz7* andV !42f* is not equalto u ; (without lossof generality)assumethat V !ìz7*��?�u . Thenwe may
alsoassumeV !ìz7*W4),n� ; otherwisewemayconsidertheidentity z:6Á?12�6 insteadof z¿?12 .
Since V !ìz7*N�?Ou , thereis no letter 3`4h.Î� suchthat z containsboth 3 and 3 6 . Now we
defineasubstitution5>��®°¯�!L.Î��* � ®Z¯�!1.Î��* asfollows:5Z!13;*Z? � 376 if z contains376)$3 otherwise(
Then 5a!{z7* doesnot containany starredletter, thusbeinga plain word in . ¶� . Since 5 � is
the identity mapping,we have V !ìz7*Ý?¥! V 5�*�!45a!{z7*<* , and V 5 maps. ¶� into . ¢� . Now we
considertwo cases.

Case 1: 5Z!"2-* containsa starred letter. We apply Proposition2.4 to the plain word5Z!{z7* andthe semigrouphomomorphism. ¶� � .Z¢� obtainedby restricting V 5 to . ¶� .
Weconcludethatthereis anendomorphism/ of . ¶� suchthattheword /�!45Z!ìz7*I* appears
asa factorin theZimin word �a� . Thus, �a�t?�0 ê /�!45Z!ìz7*I*60 ê ê for some0 ê $�0 ê ê (thatmaybe
empty).Theendomorphism/ extendsin a naturalway to an endomorphismof the free
involutorysemigroup®Z¯�!1.Î�)* andthereis noharmin denotingtheextensionby / aswell.
Theidentity zF?72 impliestheidentity0 ê /�!"5Z!{z7*<*80 ê ê ?&0 ê /�!45Z!"2-*<*80 ê ê ( (2.5)

Theleft handsideof (2.5) is �a� andtheidentity is not trivial becauseits right handside
involvesa starredletter. SincezT?92 holdsin our initial semigroupM , sodoes(2.5).But
this contradictstheassumptionthatall Zimin wordsareinvolutory isotermsfor M .

Case 2: 5Z!42f* containsnostarredletter. In thiscase5a!42f* is aplainword in . ¶� , andwe
arein a positionto applyProposition2.5 to thesemigroupidentity 5a!{z7*�?95Z!42f* andthe
semigrouphomomorphism. ¶� � .Z¢� obtainedby restrictingV 5 to . ¶� . Weconcludethat5Z!{z7*0?:5a!42f* implies a non-trivial semigroupidentity �a� ¶ �0?:0 . Thereforethe identityzF?72 implies �Z� ¶ �Í?;0 , andweagaingetacontradiction.

Beforepassingto concreteexamplesof inherentlynonfinitelybasedinvolutory semi-
groups,we formulatea corollary of our proof of Theorem2.3 which will be useful for
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our subsequentpaper(s).Proposition2.4 easily implies that no word in the sequence��* · ! � ���I*S��· � ��� ��������� hasany square(that is, a word of the form à�à ) asa factor. Hence,
thesemigroup. ¢� satisfiesthe identity3 3 � ?µu . This identity is clearly inheritedby the
involutory semigroup=R� which by its constructionsatisfiesalso the identity 3n3 6 ? u .
Since=Æ� is finitely generatedandinfinite, wearriveat thefollowing conclusion:

Corollary 2.6. If a variety g of involutorysemigroupssatisfiesno non-trivial identityof
the form �Z� ¶ ��?�0 and all members of g satisfyingthe identities 3n3 6 ? 3 � ? u are
locally finite, then g is not finitelybased.

This resultis parallelto [49, Proposition3] in theplain semigroupcase.
Now considerthe twistedBrandtmonoid ==< �� ?]A ¾ �� $ � $S6 C , where ¾ �� is thesetof the

following six
� �T�

-matrices:> u uu u@? $ > + uu uA? $ > u +u u@? $ > u u+ u@? $ > u uu +�? $ > + uu +�? $
the binary operation

�
is the usualmatrix multiplication andthe unaryoperation6 fixes

thematrices > u uu u@? $ > u +u u@? $ > u u+ u@? $ > + uu +�?
andswapseachof thematrices > + uu u@? $ > u uu +�?
with theotherone.

Corollary 2.7. ThetwistedBrandtmonoid==< �� is inherentlynonfinitelybased.

Proof. By Theorem2.3weonly have to show that ==< �� satisfiesno non-trivial involutory
semigroupidentity of the form � � ?B0 . If 0 is a plain semigroupword, we can refer
to [49,Lemma3.7]whichshowsthatthesemigroupA ¾Î�� $ � C doesnotsatisfyany non-trivial
semigroup identityof theform � � ?&0 . If wesupposethattheinvolutoryword 0 contains
a starredletter, we cansubstitutethe matrix ! � ¢¢Æ¢ * for all lettersoccurringin � � and 0 .
Sincethis matrix is idempotent,thevalueof the word � � underthis substitutionequals! � ¢¢R¢ * . On the otherhand, 0 evaluatesto a productinvolving the matrix ! � ¢¢R¢ * 6 ? ! ¢H¢¢ � * ,
andit is easyto seethatsuchaproductis equalto either ! ¢R¢¢ � * or ! ¢R¢¢R¢ * . Thus,theidentity� � ?&0 cannothold in ==< �� in this caseaswell.

An equivalentwayto define==< �� is to considerthe5-elementunaryReesmatrixsemi-
groupover thetrivial group £F?±���f� with thesandwichmatrix> u �� u@?

3Strictly speakingthe following expressionis not an identity asdefinedbefore(since0 is not a term)
but ratheranabbreviation for the identities C�D6EGF-C�DHFIEJC�D . However, referringto suchabbreviationsas
identitiesis a standardconventionwhich weadopt.
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andthento adjoin to this unaryReesmatrix semigroupan identity element.For conve-
nienceandlaterusewenotethat ==< �� canthusberealizedastheset

��!³+-$�+,*%$,!�+-$ � *�$,! � $)+,*%$�! � $ � *%$Su�$�+f�
endowedwith theoperations

! � $i��* � !��;$<�)*a? � ! � $<�)* if !¬�-$��k*[4K��!�+-$ � *�$,! � $�+,*���$u otherwise� (2.6)+ � 3N?`3F?�3 � +-$au � 3N?Gu�?`3 � u for all 3#�! � $i��* 6 ?�!��-$ � *%$[+ 6 ?�+f$Íu 6 ?Gu�(
Supposethat M is a finite unary semigroupfor which the variety c�d�e�M containsan

inherentlynonfinitely basedfinite unarysemigroup.Immediatelyfrom the definition it
followsthat M is alsoinherentlynonfinitelybased.Thisobservationis useful,in particular,
for the justificationof our secondexampleof an involutory inherentlynonfinitelybased
semigroup.This is a ‘twisted version’ =LK �� of another6-elementsemigroupthat often
shows up underthename
 �� in thetheoryof semigroupvarieties.Theunarysemigroup=LK �� is formedby the6 matrices> u uu u@? $ > + uu u@? $ > u +u u@? $ > + u+ u@? $ > u +u +�? $ > + uu +�?
under the usualmatrix multiplication and the unary operationthat swapseachof the
matrices > + uu u@? $ > u +u +�?
with the otheroneandfixesall othermatrices.Alternatively, =MK �� is obtainedfrom the
5-elementunaryReesmatrix semigroupK � over £N?U���f� with thesandwichmatrix> u �� ��? (2.7)

by adjoininganidentityelement.Again,for lateruse,wenotethat =LK �� canberealizedas
theset ��!³+-$�+,*%$,!�+-$ � *�$,! � $)+,*%$�! � $ � *%$Su�$�+f�
endowedwith theoperations

! � $���* � !��;$<�)*a? � ! � $<�)* if !¬�-$��k*­�?^!�+-$)+,*u if !¬�-$��k*Z?^!�+-$)+,*�� (2.8)+ � 3N?`3F?�3 � +-$au � 3N?Gu�?`3 � u for all 3#�! � $i��* 6 ?�!��-$ � *%$[+ 6 ?�+f$Íu 6 ?Gu�(
Corollary 2.8. Theinvolutorysemigroup =LK �� is inherentlynonfinitelybased.
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Proof. We represent=LK �� asin (2.8) and ==< �� asin (2.6) andconsiderthe direct square=LK �� � =LK �� . It is then easyto checkthat the twisted Brandt monoid ==< �� is a homo-
morphicimageof the unarysubsemigroupof =LK �� � =MK �� generatedby the pairs !�+-$)+,* ,N !�+-$)+,*�$,! � $ � *8O and

N ! � $ � *�$,!³+-$�+,*8O . Thus, ==< �� belongsto c�d�e�=LK �� . Sinceby Corollary2.7==< �� is inherentlynonfinitelybased,sois =LK �� .
Sapir[49,Proposition7] hasshown thata(plain)finite semigroupM is inherentlynon-

finitely basedif and only if all Zimin words are isotermsfor M , that is, M satisfiesno
non-trivial semigroupidentity of theform � � ?P0 . Our Theorem2.3modelsthe‘if ’ part
of this statementbut we do not know whetheror not the ‘only if ’ part transfersto the
involutoryenvironment.Somepartialresultsin thisdirectionhavebeenrecentlyobtained
by the secondauthor[11]. Here we presentyet anotherspecialresult which however
sufficesfor ourpurposes.

Proposition2.9. Let MÎ?^AiPR$ � $ 6IC bea finite involutorysemigroupandsupposethat there
existsan involutory word Q�!L3;* in onevariable 3 such that M satisfiesthe identity 3G?3RQ�!13;*�3 . Then M is not inherentlynonfinitelybased.

Proof. We have to constructa finite setof identitiesthat definesa locally finite variety
of involutory semigroupscontainingM . Thecrucialsteptowardsthis goalconsistsin ver-
ifying that the identity 3è?Ê3RQ�!13;*�3 allows oneto expressright divisibility in termsof
equationallogic. This beingdone,we shall be in a position to closely follow powerful
argumentsdevelopedby Margolis andSapirin [37].

We saythatelements� $�S­4>P divideeach otheron theright andwrite �GT S if either� ?PS or thereexist ç-$Iéb4	P suchthat � ?US%ç and S�? � é . We saythat S strictly divides �
andwrite � ïWVXS if � ?US%ç for someçt4	P but S��? � and S��? � é for any éÏ4	P . Clearly,T is anequivalencerelation(known astheright Greenrelationin semigrouptheory)andïYV is transitiveandanti-reflexive.

SinceM satisfiestheidentity 3F?`3RQ�!13;*�3 , wehave �ZT � Q�! � * for eachelement� 42P .
(Indeed,� ? � Q�! � * � � and � Q�! � *´? � � Q�! � * .) Thus,for � $�S@4�P , we have �[T S if and
only if � Q�! � * T S�Q�!4S�* . Since � Q�! � * and S�Q�!\S%* areidempotents,that latter conditionis
equivalentto the two equalities� Q�! � * � S�Q�!4S�*t?]S�Q�!4S�* and S�Q�!\S%* � � Q�! � * ? � Q�! � * . In
particular, for 8#$&954�P we have 8:9 T 8 if andonly if 879@Q�!1879�* � 8RQ�!"8;*[?U8RQ�!18'* (since
thesecondequality 8RQ�!"8;* � 8:9@Q�!"8:9�*Í?�8:9@Q�!"8:9�* is alwaystrue).

Let � ê� bethewordobtainedfrom theZimin word � � by deletingthelastletter(which
is 3q� ), thatis, ��ê� 3q�°?^� � . Furtherlet � denotethelengthof thelongestpossiblechainof
theform ç��WïHV¤ç)�ÏïHV ����� ïHVlç)��(
Set �J? �R¹N+ ; Lemma7 in [37] showsthatundereveryevaluationof theletters3q�%$)(�()(�$I3 �
in M , the valuesof the words ��ê� and � � divide eachother on the right. As explained
in the previous paragraph,this can be restatedas saying that the valuesof the terms� � Q�!#� � * � �bê� Q�!#��ê� * and ��ê� Q�!#��ê� * coincideunderevery evaluationof 3q�%$)()()(%$I3 � in M ,
thatis, M satisfiestheidentity� � Q�!#� � * � � ê� Q�!#� ê� *Z?;� ê� Q�!\� ê� *%( (2.9)
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Ontheotherhand,in eachinvolutorysemigroup=>?mA"/b$ � $ 6SC whichsatisfies3N?�3RQ�!L3;*�3
and(2.9), thevaluesof thewords ��ê� and � � undereveryevaluationof 3q�%$)(�()(�$I3 � neces-
sarilydivideeachotheron theright. This impliesthatsuch= satisfiestheimplication3_� � ?Gj`� � � 3_� ê� ?Gj`� ê� ( (2.10)

Indeed,supposethatundersomeevaluationV of theletters3#$&j;$<3q��$)()()(%$I3 � in = , thewords3_� � and j`� � happento take thesamevalue,that is, V !L3_� � *´? V !"j`� � * . Since V !\� � * TV !#��ê� * , thereexists é[4J/ suchthat V !\� � *�éa? V !\��ê� * . HenceV !L3_� ê� *Z? V !L3_� � *�éÍ? V !1jR� � *�éÍ? V !"j`� ê� *�$
thatis, thewords 3_��ê� and j`��ê� alsotakea commonvalueunder V .

Lemma8 in [37] showsthatafinitely generatedsemigroupsatisfying(2.10)is finite if
andonly if it satisfiestheidentity 3 � ?è3 � ¶ � (2.11)

for some�;$³�Ý¼±+ andhasonly locally finite subgroups.Wenotethataninvolutory semi-
group =Ê? A"/b$ � $ 6 C is finitely generatedif and only if so is the semigroup A"/b$ � C . An
identityof theform (2.11)definitelyholdsin M sinceM is finite. Henceit sufficesto find a
finite numberof identitieswhich hold in M andwhich forceeach(involutory) semigroup
to haveonly locally finite subgroups.

We can proceedas at the end of [37]. Let
r

be the direct productof all maximal
subgroupsof M . By the Oates-Powell theorem[41], seealso [40, a 5.2], the locally fi-
nite variety c�d�e r generatedby the finite group

r
can be definedby a single identity9'!L3q��$)()(�(�$I3n·[*�? + . The left handside 9 of this identity canbe assumedto containno

occurrenceof the inversion p � , that is, we mayassumethat 9 is a plain semigroupword
in the letters 3q�%$)(�()(�$I3n· . Now let ®G?^®Ý!13q�I$)()()(%$I3n·[* bethe × -generatedrelatively free
semigroupin the(locally finite) semigroupvarietygeneratedby thesemigroupAiPR$ � C . The
semigroup® is finite andhencehasa leastideal;this idealis known to beaunionof (iso-
morphic)subgroups(Sushkevich’s theorem,see[6]). Let b be any of thesesubgroups
andlet � bethe identity elementof b . We denoteby 8R!L3q��$)()(�(�$I3n·[* a word whosevalue
in ® is � . Since � � ?G� , weseethat ® (andthereforeM ) satisfiestheidentity8¿?G8 � ( (2.12)

For every element�>4l® , theproduct ����� belongsto b . As observedin [28], thegroupb belongsto thevariety c�d�e r . Consequently, ® (andthereforeM ) satisfiestheidentity9;!"8n3q��8#$)()(�(�$&8n3n·°8;*a?G8#( (2.13)

Notethatbothsidesof (2.13)areplainsemigroupwordsin theletters3q��$)()(�(�$I3n· .
Now considerthe variety g of involutory semigroupsdefinedby the identity 3m?3RQ�!13;*�3 , an identity of the form (2.11)holding in M , andthe identities(2.9), (2.12),and

(2.13).Sinceby theconstructionM satisfiesall the listed identities, M is a memberof g .
Let =Ë?]A"/b$ � $ 6&C beany finitely generatedmemberof g ; then,asalreadymentioned,the
semigroupA"/b$ � C is alsofinitely generated.Thefirst andthethird identity ensurethat the
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semigroupA"/b$ � C satisfiestheimplication(2.10),andtherefore,it is finite providedthatall
its subgroupsarelocally finite. Eachgroupthat satisfiesthe identities(2.12)and(2.13)
satisfiesthe identity 9;!13q��$)(�()(�$I3n·[*F? + , whencethis groupbelongsto c�d�e r andso is
locally finite. Altogether, = is finite. Thus, g is locally finite andfinitely based,andthe
propositionis proved.

Proposition2.9 implies in particularthat no finite regular o -semigroupcanbe inher-
ently nonfinitelybasedasonecanuse 3 6 in the role of the term Q�!13;* . In particular, the
unarysemigroupA ¾Î�� $ � $<Ü C , wheretheunaryoperationis the usualmatrix transposition,
is not inherentlynonfinitelybased(this factwasfirst discoveredby Sapir, see[50]), even
thoughit is not finitely based[29].

3 Applications

3.1 Matrix semigroupswith Moore-Penroseinverse

Certainly, themostcommonunaryoperationfor matricesis transposition.However, it is
convenientfor usto startwith analyzingmatrix semigroupswith Moore-Penroseinverse
becausethis analysiswill helpusin consideringsemigroupswith transposition.

We first recall the notion of Moore-Penroseinverse.This hasbeendiscoveredby
Moore[39] andindependentlyby Penrose[42] for complex matrices,but hasturnedout
to bea fruitful conceptin amoregeneralsetting—see[4] for acomprehensive treatment.

Thefollowing resultswereobtainedby Drazin[12].

Proposition 3.1. [12, Proposition1] Let M be an involutory semigroup. Then,for any
given � 4>M , thefour equations� 3 � ? � $R3 � 3E?`3#$�! � 3;* 6 ? � 3#$b!13 � * 6 ?`3 � (3.1)

haveat mostonecommonsolution 3542M .
For anelement� of an involutory semigroupM , we denoteby �dc theuniquecommon

solution 3 of theequations(3.1), providedit exists,andcall �ec theMoore-Penroseinverse
of � .

Recall that an element � 4ñM is said to be regular, if thereis an 3w4ñM suchthat� 3 � ? � . Concerningexistenceof theMoore-Penroseinverse,wehave thefollowing

Proposition 3.2. [12, Proposition2] Let M be an involutory semigroup satisfyingthe
implication 3 6 3N?è3 6 jt?Gj 6 3F?Gj 6 j � 3E?�j7( (3.2)

Thenfor an arbitrary � 4`M , theMoore-Penroseinverse � c existsif andonly if � 6 � and��� 6 are regular elements.

Let AQÄº$�¹º$ � C be a ring. An involution of the ring is an involution 3µD� 3 6 of the
semigroupAQÄº$ � C satisfyingin additiontheidentity !13q¹@j�* 6 ?è3 6 ¹Ýj 6 . For ring involutions,
theimplication(3.2) is easilyseento beequivalentto3 6 3N?�u � 3N?Gu�( (3.3)
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Now supposethat ª]?mAQ¸ $�¹º$ � C is afield thatadmitsaninvolution 3ND� 3 . Thenthema-
trix ring » � !"ª�* hasaninvolution thatnaturallyarisesfrom theinvolution of ª , namely! � |~}�*°D� ! � |~}�* 6 � ?w! � |�}�*iÜ . This involutionof » � !1ª¿* in generaldoesnot satisfytheimpli-
cation(3.3).However, it doessatisfy(3.3) if andonly if theequation

3q� 3q��¹�3:� 3:�R¹ ����� ¹�3 � 3 � ?Gu (3.4)

admitsonly the trivial solution !L3q�%$)()()(%$I3 � *�? !�u�$�()()(%$Su
* in ¸ � . Sinceall elementsof» � !1ª¿* areregular, this meansthat the Moore-Penroseinverseexists — subjectto the
involution ! � |~}%*�D� ! � |~}%* 6 ? ! � |�}�*iÜ — whenever (3.4) admitsonly the trivial solution.
(The classicalMoore-Penroseinverseis therebyobtainedby putting ª ?Bf , the field
of complex numbers,endowedwith theusualcomplex conjugation0 D� 0 .) On theother
hand,it is easyto seethattheconditionthat(3.4)hasonly thetrivial solutionis necessary:
if ! � �%$)(�()(�$ � � * werea non-trivial solutionto (3.4), thenthematrix formedby � identical
rows ! � �%$)()()(%$ � � * wouldhavenoMoore-Penroseinverse.

Theproof of themain resultof this subsectionrequiresanexplicit calculationof the
Moore-Penroseinversesof certainrank1 matrices.Thus,wepresentasimplemethodfor
sucha calculation.For a row vector � ?¥! � �%$)()(�(�$ � � * 4`¸ � , where ª ? AQ¸ $�¹º$ � C is a
field with aninvolution 3æD� 3 , let � 6 denotethecolumnvector ! � ��$)()()(�$ � � *iÜ . It is easy
to seethatany � � � -matrix 
 of rank1 over ª canberepresentedas 
ð?PS 6�g for some
non-zerorow vectorsS�$ g 4T¸ � . Providedthat(3.4)admitsonly thetrivial solutionin ¸ � ,
onegets
 c asfollows: 
 c ? g 6 ! ghg 6 * p � !\SiS 6 * p � S�( (3.5)

Here SiS 6 and ghg�6 arenon-zeroelementsof ª whencetheir inversesin ª exist. In orderto
justify (3.5),it sufficesto checkthattheright handsideof (3.5)satisfiesthesimultaneous
equations(3.1) with thematrix 
 in the role of � , andthis is straightforward.Note that
formula(3.5) immediatelyshows that 
 c is ascalarmultipleof 
 6 ? g�6 S , namely


 c ? +ghg 6 � SiS 6 
 6 ( (3.6)

So,we canformulateoneof the highlightsof the section— a result that revealsan
unexpectedfeatureof a ratherclassicalandwell studiedobject.

Theorem 3.3. Let ª ? AQ¸ $�¹º$ � C be a field havingan involution 3�D� 3 for which the
equation 3 32¹Uj j±? u has only the trivial solution !L3#$&j�*>? !"u�$Su
* in ¸ � . Thenthe
unarysemigroup Ai»J�,!1ª¿*�$ � $ c C of all

�Ï�Î�
-matricesover ª endowedwith Moore-Penrose

inversion c — subjectto the involution ! � |~}%*­D� ! � |~}�* 6 ?½! � |~}%*�Ü — hasno finite basisof
identities.

Proof. Set MÎ?mAi»J��!"ª�*%$ � $ c C . By Theorem2.2andLemma2.1it is sufficient to show that

1) ª�«�45c�d�efM ,
2) thereexistsagroup

r 45c�d�e�M suchthat
rlÐ45c�d�e�Èº!�Mk* .
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In orderto prove1), considerthefollowing setsof rank1 matricesin »J��!1ª¿* :j ���a? �k> 3 33 3_?ml $ j �"�W? �k> 3 u3 u@?nl $ j �"«[? �k> u 3u 3_?ml $j �I�a? �k> 3 3u ue?ml $ j ���W? �k> 3 uu u@?nl $ j ��«[? �k> u 3u uo?ml $ (3.7)j «I�a? �k> u u3 3_?ml $ j «��W? �k> u u3 u@?nl $ j «�«[? �k> u uu 3_?ml $
wherein eachcase3 runsover ¸lôq��u�� . Observethat ª cannotbeof characteristic

�
, since

theequation3 3�¹�j j�?�u hasonly thetrivial solutionin ¸ � . Takingthis into account,a
straightforwardcalculationshows thatj |~} � j �6�Í? � j |p� if !��-$S�k*­�?m! � $S�
*%$�!���$ � *%$u otherwise( (3.8)

Hencetheset /`? q��r�|s� }ir�« j |~}Í�>��u��
is closedundermultiplicationsothatthissetformsasubsemigroup= of M andthepartitiont

of / into theclasses
j |~} and ��u�� is acongruenceon = . Equation(3.6)showsthatj c|~} ? j }³|�( (3.9)

We seethat / is closedunderMoore-Penroseinversionand
t

respectsc , thusis a con-
gruenceon theunarysemigroup=°ê7?:u�/b$ � $ c6v . Now comparing(3.8) and(3.9) with the
multiplicationandinversionrulesin ªÎ« (see(1.1)),we concludethat =°ê Ð t and ªÎ« are
isomorphicasunarysemigroups.HenceªÎ« is in c�d�e-M .

For 2) we merelylet wÝÇq��!"ª�* , thegroupof all invertible
�Î�>�

-matricesover ª , play
the role of

r
. SinceMoore-Penroseinversionon wÝÇ#��!"ª�* coincideswith usualmatrix

inversion,we observe that w@Çq��!1ª¿* is a unarysubsemigroupof M . Moreover, since 
Ï
 c
is theidentity matrix for every invertiblematrix 
 , we concludethat,with theexception
of the identity matrix, theHermitiansubsemigroupÈ0!QMk* containsonly matricesof rank
at most 1, that is, È0!QMk*Ë_ Ç �� !"ª�* , the set of all matricesof rank at most 1 with the
identity matrix adjoined.By Corollary1.2 thesemigroupAQÇ �� !"ª�*%$ � C satisfiestheidentity3 � j�3E?�3:j�3 � . Consequently, eachgroupin c�d�e�Èº!�Mk* is abelian,while thegroup wÝÇ#��!"ª�*
is non-abelian.Thus, w@Ç��,!1ª¿* is containedin c�d�efM but is not containedin c�d�e�Èº!�Mk* , as
required.

Remark 3.1. Apart from any subfieldof f closedundercomplex conjugation,Theo-
rem3.3 applies,for instance,to finite fields ª¥?ÃAQ¸ $S¹ $ � C for which ²�¸�²Rx]�Î!"Ónyez � * ,
endowedwith the trivial involution 3KD� 3K?m3 ; the latter follows from thefact that the
equation3 � ¹T+�?�u admitsnosolutionin ª if andonly if ² ¸�²�xð��!1Ómyez � * (cf. [33,The-
orem3.75]). Moreover, by slightly changingthe argumentsonecanshow an analogous
resultfor ª beingany skew-field of quaternionsclosedunderconjugation.
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Thereadermayaskwhetheror not the restrictionon thesizeof matricesis essential
in Theorem3.3. For somefields, it definitely is. For instance,for finite fields with the
trivial involution 3]D� 3]? 3 , no extensionof Theorem3.3 to � � � -matriceswith�1{ � is possiblesimply becausetheMoore-Penroseinverseis only a partial operation
in this case.Indeed,it is a well known corollaryof theChevalley-Warningtheorem(see,
e.g.,[52, Corollary2 in a 1.2]) thattheequation3 � � ¹ ����� ¹l3 �� ?Uu (that is (3.4)with the
trivial involution)admitsanon-trivial solutionin any finite field whenever �){ � .

Thesituationis somewhatmorecomplicatedfor subfieldsof f . Theorem2.2doesnot
apply herebecauseof the following obstacle.It is well known (see,for example,[35,
p.101]) thatthetwo matrices|

? > + u� +J? and } ? > + �u +�? (3.10)

generatea freesubgroupof A$~�Ç��,!4�´*%$ � $�p � C . On theotherhand,it is easyto verify thatfor
any subfield ª of f closedundercomplex conjugation,the mapping A#~�Ç���!4�b*�$ � $�p � C �Ai»J«,!1ª¿*�$ � $ c C definedby 
mD� > 
¢R¢ ¢¢¢ ? is anembeddingof unarysemigroups.Thus,for�;{ �

, the unarysemigroupA$~e���R� � !"ª�*%$ � $ c C of singular � � � -matricescontainsa free
non-abeliangroup,whenceevery groupbelongsto the unarysemigroupvariety gener-
atedby A#~o���R� � !1ª¿*�$ � $ c C . Now we observe that ~o���R� � !"ª�* is containedin the Hermitian
subsemigroupof Ai» � !1ª¿*�$ � $ c C . Indeed,it wasproved in [16] (seealso [2] for a recent
elementaryproof) thatthesemigroupA$~e���R� � !"ª�*%$ � C is generatedby idempotentmatrices.
For anarbitraryidempotentmatrix 
±42» � !"ª�* , letÀ	!1
­*Z?U��354T¸ � ²�3:
G?�u�� and ��!"
�*a?U��3 4 ¸ � ²�3:
�?`3��
bethenull-spaceandthefixed-point-spaceof 
 , respectively. Now considertwo matrices
of orthogonalprojectors:xZ� , the matrix of the orthogonalprojectorto the space��!"
­* ,
and xH� , the matrix of the orthogonalprojectorto the spaceÀK!"
­*6� . As any orthogonal
projectormatrix x satisfiesxÞ?Öx � ? x c , both xZ��? xa�³x c� and xÆ�E? xÆ��x c� belong
to theHermitiansubsemigroupÈº!�» � !"ª�*I* , but then 
 alsobelongsto È0!Q» � !"ª�*I* since
 ? !�xa�³xÆ�S* c , see[38, Exercise5.15.9a].Thus, ~o���`� � !1ª¿*K_BÈº!Q» � !"ª�*I* , whenceno
group

r
cansatisfytheconditionof Theorem2.2.

However, the fact that Theorem2.2 cannotbe appliedto, say, the unarysemigroupAi»J«,!4fÁ*�$ � $ c C doesnotyetmeanthattheidentitiesof thissemigrouparefinitely based.We
thushave thefollowing openquestion.

Problem3.1. Is theunarysemigroupAi» � !1ª¿*�$ � $ c C notfinitely basedfor eachsubfieldª
of f closedundercomplex conjugationandfor all �I{ � ?

It is known that Ai» � !1ª¿*�$ � $ c C satisfiesratherinvolvedidentities(see[7] for anexam-
ple), so the conjecturethat theseidentitiesadmit no finite basislooks quite natural.In
connectionwith Problem3.1,we alsoobserve thattheproofsof Theorem3.3andCorol-
lary 1.2readilyyield thefollowing:

Remark 3.2. For eachconjugation-closedsubfield ª of f andfor all ��{ � , theunary
semigroupAQÇ � !"ª�*H�Tst$ � $ c C consistingof all matricesof rankat most1 andall matrices
from somenon-abeliansubgroupAQst$ � $ p � C of A$wÝÇ � !"ª�*%$ � $ p � C hasnofinite identitybasis.
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Anothernaturalrelatedstructureis thesemigroupM � !"ª�* endowedwith both unary
operationsc and 6 . Recall that the Moore-Penroseinverseis in fact definedin termsof
identitiesinvolving boththeseoperations—namely, Proposition3.2 impliesthatthealge-
braicstructureAi» � !"ª�*%$ � $ c $ 6SC satisfiestheidentities3n3 c 3F?`3#$R3 c 3n3 c ?�3 c $b!L3n3 c * 6 ?`3n3 c $´!13 c 3;* 6 ?`3 c 3 (3.11)

andtheseidentitiesuniquelydeterminetheoperation
GD� 
 c . Thismighthaveprovoked
oneto conjecturethat the identities(3.11)togetherwith the identities !13:j�* 6 ?mj 6 3 6 and!13 6 * 6 ?^3 form a basisfor XaYqAQ» � !1ª¿*�$ � $ c $ 6 C . However our techniquesshow that this is
not thecaseat leastfor �E? � .
Theorem3.4. Let ª bea fieldasin Theorem ��(�� ; then AQ»J��!"ª�*%$ � $ c $ 6&C is notfinitelybased
asan algebraic structureof type ! � $)+-$�+,* .
Proof. Thecharacteristicof ª is not

�
whencethegroupr ?±�,
±4 GL �,!"ª�*�²,
 c ?�
 6 �

is non-abelian.Indeed,on the prime subfieldof ª , the involution 3±D� 3 is the iden-
tity automorphism;so,for matricesover theprimesubfield,conjugation6 coincideswith
transposition,andthus,for example, ! ¢ �� ¢ * and ! ¢ap �� ¢ * aretwo non-commutingmembers
of
r
. Set K ? Ai»J��!1ª¿*�$ � $ c $ 6�C ; the algebraicstructure AQst$ � $ c $ 6SC , that is, the group

r
with inversiontakentwice asunaryoperation,belongsto c�d�eJK . Now, asin theproof of
Theorem3.3,considertheset /`? q��r�|s� }ir�« j |~}Í�>��u��
where

j |~} aredefinedvia (3.7).Obviously,
j 6|~} ? j }³| whence=�?¥A"/b$ � $ c $ 6SC is a sub-

structureof K andthepartition
t

of / into theclasses
j |�} and ��u�� is a congruenceon

this substructure.The quotient = Ð t is thenisomorphicto the semigroupªÎ« endowed
twice with its unary operation.We concludethat ªÎ« treatedthis way also belongstoc�d�eJK . By Corollary 1.2 the identity 3 � j�3�?¥3:j�3 � holds in Èº!�KÎ* (by which we mean
the substructureof K generatedby all elementsof the form 
�
 c ). Now constructthe
semigroups=R� (by useof the identity 3 � j�3�?ñ3:j�3 � ) asin Step2 in the proof of Theo-
rem2.2andendow eachof themtwicewith its unaryoperation.Theargumentsin Steps3
and4 in the proof thenshow that =R� doesnot belongto c�d�eJK while each � -generated
substructureof =R� doesbelongto c�d�e�K . Thus, =R� canplay therole of critical structures
for c�d�eJK whencethedesiredconclusionfollowsby thereasoningasin Step1 in theproof
of Theorem2.2.

Also in this setting,our resultgivesriseto anaturalquestion.

Problem3.2. Is thealgebraicstructureAi» � !1ª¿*�$ � $ c $S6 C of type ! � $)+-$)+�* notfinitely based
for eachsubfieldª of f closedundercomplex conjugationandfor all �-{ � ?

Hereanobservationsimilar to Remark3.2canbestated:for eachconjugation-closed
subfield ª _�f and for all ��{ �

, the algebraicstructure AQÇ � !1ª¿*W��wÝÇ � !"ª�*%$ � $ c $ 6SC
consistingof all matricesof rankatmost1 andall invertiblematriceshasnofinite identity
basis.
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3.2 Matrix semigroupswith transposition over infinite fields

Hereweshow thattheinvolutorysemigroupAi» � !1ª¿*�$ � $<Ü C is finitely basedfor any infinite
field ª . Moreprecisely, weverify thatall identitiesholdingin Ai» � !"ª�*%$ � $<Ü C follow from
theassociativity andtheinvolution laws !13:j�*�ÜF?�j
Ün3kÜ , !L3kÜ'*�ÜE?`3 . This is aninvolutory
analogueof a resultfrom [22] mentionedin the introduction;theproof giventheredoes
not immediatelyshow the intendedanalogue,but the ideasbelow are inspiredby the
argumentsin [22].

Let usstartwith anauxiliary constructionandconsiderfirst, for anarbitraryfield ª ,
theset »J��!1ª á 3 â * of all

� �T�
-matricesover thepolynomialring ª á 3 â . A matrix> z;���Oz'�"�zk�I�Ozn���i?

with zk|�} non-zeromembersof ª5á�3 â is saidto beascendingifzR���;!ìz'���<*[ï�Ón���7�(zR���7!ìz'�"�%*%$%z`���7!{zk�I�I*���$RÓ�Ô�Õ7�(zR���7!{z'�"�%*�$%zR���7!ìzn�I�I*���ï�zR���;!{zn����*
anddescendingifzR���;!{z;���I*H{hÓ�Ô,Õ:�(zR���;!{z;�"��*%$%z`���;!{zn�I�³*���$ÍÓn���:�(zR���;!ìz'�"��*%$�zR���;!{zk�I�<*���{�zR���'!ìzn����(�*
Let ���8� and �Z����� standfor thesetsof all ascendinganddescendingmatrices,respectively.
It isstraightforwardto seethat ���8� and �Z����� aredisjointandbothof themareclosedunder
multiplicationandtransposition.Set


�? > + u3 � 3_? �
by inductiononeobtainsthat 
 � ? > + uz � ¶ �ñz � ?
for polynomialsz � and z � ¶ � with zR���'!ìz � ¶ �³*E? � ¹�+ and z`���7!{z � *E?Þ� . Further, set¾ ?`
 Ü ; thenfor any �Æ$&× ¼ð+ onegets


 � ¾ · ? > + ç��"�ç)�I� ç)����?
wherezR���'!�ç��"��*Z?G×^¹`+ , zR���7!Qç)�I�I*Z?��Î¹G+ and zR���;!�ç����S*°?`×w¹��Î¹ � , while

¾ · 
 � ? > ���������"��)�I���)��� ?
wherezR���7!4�����I*Z?�×�¹Ë�t¹ � , zR���;!4���"�%*a?&z`���;!4�)�I�³*°?`×�¹��t¹h+ and zR���;!"�)����*Z?G×�¹	� .
In particular, 
 � ¾ · 4����8� while ¾ · 
 � 4I�Z����� .
Lemma 3.5. For all ×T$I�>¼ð+ , thesets����� � 
 � and �Z����� � ¾ · aredisjoint.
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Proof. Let � $�S�$ g $SÑn$Qz�$%2 benon-zeropolynomialswithzR���;! � *WïhÓn���:�(zR���'!4S%*%$%zR���;! g *���$RÓ�Ô�Õ7�(zR���7!\S%*%$%z`���;! g *���ï�zR���7!�Ñ�* and zR���;!{z7*Wï�z`���7!42f*%(
Then !��W�� Ò * is a typical matrix in ���8� , ! Ò �� � * is suchin �Z����� , 
 � is of theform

N � ¢�L� O and¾�· is of theform
N � �¢ � O . Now> � Sg Ñd? > + u2 zM? ? > � ¹�S�2 Sizg ¹lÑ�2 Ñ�zR? (

Sincez`���;! � *[ï�zR���;!\S%* and z`���;!{z7*Wï�zR���7!"2-* weobtainzR���;! � ¹�S�2-*Z?&zR���7!\S�2f*�{�zR���7!4S�z:*%(
In particular, for any �ð?^! g |~}%*[4������ � 
 � wegetz`���7! g ���I*Y{�zR���;! g �"��* (3.12)

On theotherhand, > Ñ Sg � ? > + 2u zM? ? > Ñ Ñ�2b¹�Sizg g 2b¹ � zL? (
Herewehave that zR���'!"Ñ�*Wï�zR���7!"Ñ�2-*a?&z`���;!�Ñ�2´¹�Siz7*%(
Again, this showsthatfor any �]?^!"Ñ-|~}%*W4-�Z����� � ¾ · ,zR���'!"Ñ����<*[ï�zR���7!"Ñ��"�%*%( (3.13)

Conditions(3.12)and(3.13)immediatelyimply that ����� � 
 �¡  �Z����� � ¾@· ?;¢ .

Weareableto draw our first conclusion.

Proposition 3.6. Let 8±? 8R! � $�S%*%$&9h?Þ9;! � $�S%* 4O� � $%S�� ¶ be two distinct words, 
Þ?N � ¢£  £ O042»J��!1ª á 3 â * and ¾ ?G
 Ü . Then8Æ!1
0$ ¾ *��?�9'!1
0$ ¾ * .
Proof. Supposethat the equality 8R!1
0$ ¾ *º?Ê9;!"
�$ ¾ * holds.The matrices
 and ¾ are
invertibleasmatricesover the field of rationalfunctionsover ª whencewe cancancel
thelongestcommonprefixandthelongestcommonsuffix of thewords 8 and 9 obtaining
new words 8nê and 9
ê thatstill fulfil 8nêL!"
0$ ¾ *W? 9
ê1!1
0$ ¾ * . Observe thatnoneof thewords8 ê and9 ê areemptybecauseotherwise
 and/or¾ wouldbeinvertibleoverthepolynomial
ring ª5á�3 â whichis not true.Thus,wemayassumethat 8 and 9 startandendwith different
symbolsandthis meansthatthewordsareof eitherof thefollowing two forms:8F? � ��� S · � ����� � �J¤ S · ¤ and 9º?;S � � � � � ����� S �4¥ � �6¥ (3.14)8F? � ��� S · � ����� � � ¤\¦ � S · ¤\¦ � � �J¤ and 9 ?;S � � � � � ����� S � ¥ ¦ � � � ¥ ¦ � S �6¥ (3.15)

with ç-$IéW¼±+ andall �;|�$I×¿|i$��f|i$³��|#¼ð+ . In case(3.14), 8Æ!"
�$ ¾ *W4������ and 9;!"
0$ ¾ *W4-�Z���8�
while in case(3.15) 8Æ!"
�$ ¾ *Ý4������ � 
 ��¤ and 9;!"
0$ ¾ *@4��Z���8� � ¾0�6¥ . In any case,using
Lemma3.5weobtain 8Æ!"
0$ ¾ *��?�9;!"
�$ ¾ * , acontradiction.
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Theorem 3.7. For each infinite field ª , all the identitiesof the involutory semigroupAi» � !"ª�*%$ � $<Ü C follow fromthelaws !13:j�*80@?�3Æ!1j`0
* , !13:j�*�ÜF?Gj
Ün3kÜ , !13kÜq*�ÜF?�3 .

Proof. If wecall identitiesthatfollow from theassociativity andtheinvolution laws triv-
ial, our claim amountsto sayingthat Ai» � !1ª¿*�$ � $<Ü C doesnot satisfyany non-trivial in-
volutory identity. We show this alreadyholds for the involutory semigroup

r¨§ � !"ª�*�?A$w@Çq��!1ª¿*�$ � $³Ü C thatobviouslyembedsinto Ai» � !1ª¿*�$ � $<Ü C for each� .
It is known (andeasyto verify) that the free involutory semigroupon onegenerator0 , say, containsasaunarysubsemigroupa freeinvolutory semigroupon countablymany

generators,namely, ®Z¯�!#��* where�G?ð�©0@0 6 0�$ª0n!40 6 * � 0�$W()()(�$«0n!\0 6 * � 0�$W()()(���(
Thereforewe only needto verify that

r¨§ � !1ª¿* satisfiesno non-trivial involutory identity
in oneletter 0 . Suchanidentity canbewritten as 8Æ!\0�$%0�Üq*Á?�9;!\0�$�0�Ü'* with 8 and 9 being
two distinctwords.Proposition3.6 impliesthat 8Æ!"
�$ ¾ *­�?�9;!1
0$ ¾ * in »J��!"ª5á�3 â * . Setting

8Æ!"
�$ ¾ *a? > 8q���¥8q�"�8:�I�¥8:����? and 9'!1
0$ ¾ *°? > 9
��� 9
�"�9��I� 9�����? $
we seethat for someindices

�
and � the polynomials 8n|~} and 9�|~} are distinct whence8:|�}�Âh9,|~} is a non-zeropolynomial.Now take any í�4hª andset 0k!Qí7*@? N � ¢¬  ¬ O . If the

equality 8Æ!\0n!�í;*�$�0n!�í;* Ü *°?�9'!40n!Qí7*%$%0n!Qí7* Ü * (3.16)

holdsthen í mustbea root of thenon-zeropolynomial 8n|~}WÂË9,|~} whence(3.16)canhold
only for finitely many elementsí of ª . Sinceª is infinite, equality(3.16)fails for all but
finitely many í , andso,in particular, theidentity 8Æ!40�$�0 Ü *a?G9;!\0�$�0 Ü * failsin

r¨§ � !"ª�* .
Similarly, it canbeshown thattheinvolutorysemigroupAi» � !�ÄÝ*�$ � $ 6SC is finitely based

for eachsubringÄ�_7f closedundercomplex conjugation—here6 standsfor thecomplex-
conjugatetransposition ! � |~}�*<6�? ! � |~}%* Ü . Indeed,we have alreadymentionedthat the
two matrices

|
and } in (3.10)generatea free subgroupof A$~�Ç���!4�´*%$ � $ p � C andhencea

free subsemigroupof A$~�Ç#��!4�b*�$ � C . But }è? | 6 whencethe involutory subsemigroupinA$~�Ç��,!4�´*%$ � $ 6³C generatedby

|
is isomorphicto thefreeinvolutorysemigroup®Z¯f!��

|
��* .

WenotethatTheorem2.2andCorollary1.2provethenon-existenceof afinite identity
basesfor theunarysubsemigroupof Ai» � !\f°*%$ � $ 6ÆC [respectively AQ» � !®­W*%$ � $<Ü C ] that con-
sistsof all matricesof rankatmost1 togetherwith all unitary[respectively all orthogonal]
matrices.

3.3 Matrix semigroupswith transposition over finite fields

Now we demonstratethat the caseof finite fields is completelyoppositeto the oneof
infinite fieldswith respectto thefinite basisproblemfor matrixsemigroupswith transpo-
sition.Westartwith considering

�@� �
-matrices.HereTheorem2.2solvesthefinite basis

problemin thenegativefor theinvolutorysemigroupAi»J�,!1ª¿*�$ � $<Ü C for eachfinite field ª
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except ª½?°¯:� , the
�
-elementfield. (Theexceptionis dueto thefact that the involutory

semigroupAi»J��!®¯7��*�$ � $³Ü C satisfiestheidentity

!L3n3 Ü * « !"j�j Ü * « ?m!1j�j Ü * « !13n3 Ü * «
whichdoesnothold in ªÎ« ; consequently, ª�« is not in c�d�e<Ai»J�,!±¯7��*%$ � $ Ü C andTheorem2.2
doesnot applyhere.)In the following theorem,we shall demonstratethe applicationof
Theorem2.2only in thecasewhen ª hasoddcharacteristic.With someadditionaleffort
we could includealsothecasewhenthecharacteristicof ª is

�
and ²�¸�²�¼ �

. We shall
omit thissincethatcasewill becoveredby adifferentkind of proof later.

Theorem 3.8. For each finite field ª of odd characteristic, the involutory semigroupAi»J�,!1ª¿*�$ � $ Ü C hasno finite identitybasis.

Proof. Let MË?ÞAQ»J�,!"ª�*%$ � $<Ü C . As in the proof of Theorem3.3 oneshows that ª�« is inc�d�efM . Furthermore,let Ñ be the exponentof the group wÝÇ��,!"ª�* . By Corollary 1.2, each
groupin ÉfÒ�!1c�d�efMk*a?�c�d�e�ÉfÒ-!�Mk* satisfiestheidentity 3 � j�3F?`3:j�3 � andthereforeis abelian.
On theotherhand,asin theproof of Theorem3.4,thegroup

r ?��,
U4 w@Çq��!1ª¿*�²�
�ÜJ?
 p � � is in c�d�e-M but is non-abelian.Thus,Theorem2.2applies.

Thenext theoremcontainstheevencharacteristiccaseandproves,in fact,a stronger
assertion.

Theorem 3.9. For each finite field ª ?µAQ¸ $�¹º$ � C with ² ¸�²Í�xw��!iÓmyez � * , the involutory
semigroup AQ»J�,!"ª�*%$ � $<Ü C is inherentlynonfinitelybased.

Proof. As mentionedin Remark3.1, thereexists 3U4�¸ for which +­¹G3 � ? u . Now
considerthefollowing matrices:j ���a? > + 33 3 � ? $ j �"�[? > + u3 u ? $ j �I�Z? > + 3u u ? $ j ���W? > + uu u ? $v ? > + uu + ? $ Û ? > u uu u ? (
Thentheset

Ù ?U� j ����$ j �"��$ j �I��$ j ���)$Iv7$ Û � is closedundermultiplicationandtranspo-
sition,hence¡ ?�A Ù $ � $ Ü C is aninvolutorysubsemigroupof Ai»J��!"ª�*%$ � $ Ü C . Themapping=LK �� � ¡ givenby ! � $���*aD� j |~},$Íu�D� Û $W+ÏD� v
is anisomorphismof involutory semigroups.Theresultnow follows from Corollary2.8.

Thecaseof matrix semigroupsof sizegreaterthan2 is similar.

Theorem3.10.For each finitefield ª , theinvolutorysemigroup Ai» � !"ª�*%$ � $<Ü C with �2¼`�
is inherentlynonfinitelybased.
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Proof. It followsfrom theChevalley-Warningtheorem[52,Corollary2 in a 1.2] thatthere
exist 3#$Ij¿42¸ satisfying +Á¹Ë3 � ¹�j � ?�u . Now considerthefollowing matrices:j ���Z? ¦§ + 3 j3 3 � 3:jj 3:j j �

¨© $ j �"�W? ¦§ + u u3 u uj u u
¨© $ j �I�a? ¦§ + 3 ju u uu u u

¨© $
j ���W? ¦§ + u uu u uu u u

¨© $Ævt?
¦§ + u uu + uu u +

¨© $ Û ?
¦§ u u uu u uu u u

¨© (
Again, theset

Ù ?�� j ���%$ j �"��$ j �I��$ j ���)$&v:$ Û � is closedundermultiplicationandtrans-
position,andasin thepreviousproof, ¡ ?�A Ù $ � $<Ü C formsaninvolutorysubsemigroupofAi»J«,!1ª¿*�$ � $<Ü C that is isomorphicwith =MK �� . Hence Ai»E«�!"ª�*%$ � $<Ü C is inherentlynonfinitely
based.Theassertionfor » � !"ª�* for �2¼`� now follows in anobviousway.

Remark 3.3. Thestatementsof Theorems3.8,3.9,3.10remainvalid if theunaryopera-
tion 
 D� 
�Ü is replacedwith anoperationof theform 
 D� 
�²SÜ for any automorphism5 of ª , where ! � |�}�*³²�ÜT� ?�! � ²|~} *�Ü .

We arereadyto prove the main resultof this subsection.With the exceptionof the
‘only if ’ partof item(2), this is a summaryof Theorems3.8,3.9,and3.10.

Theorem 3.11. Let ª]?^AQ¸ $S¹ $ � C bea finitefield.Then

1. theinvolutorysemigroup Ai» � !1ª¿*�$ � $<Ü C is not finitelybased;

2. theinvolutorysemigroup Ai» � !"ª�*%$ � $ Ü C is inherentlynonfinitelybasedif andonly if
either �2¼`� or �J? � and ² ¸�²7�x ��!<Ónyez � * .

Proof. The only assertionof this theoremnot coveredby our previous resultsis thatAi»J�,!1ª¿*�$ � $ Ü C is not inherentlynonfinitelybasedif ² ¸�²Ax±�º!³Ónyoz � * . We employ Propo-
sition2.9 to prove this.

Recall that the condition ² ¸�²ªxÖ� !LÓmyez � * correspondspreciselyto the casewhen
eachmatrix 
 in Ai»J��!"ª�*%$ � $ Ü C admitsa Moore-Penroseinverse
 c (Remark3.1).Let 

beamatrixof rank1; by (3.6) thereexistsascalarÅ 4Tª ôÏ��u�� suchthat Å 
 c ?G
�Ü . Let�Ý?]²�¸�²�Â�+ ; then Å ! ?�+ . Sincethemultiplicativesubgroupof ª is acyclic subgroupofw@Çq��!1ª¿* , thenumber� dividestheexponentÑ of wÝÇq�,!"ª�* whenceÅ Ò ?�+ . Consequently,
 !"
 Ü 
­* Ò ?�
º! Å 
 c 
­* Ò ? Å Ò 
 !"
 c 
­* Ò ?G
0(
If 
 4´wÝÇq��!"ª�* , we alsohave 
 ? 
º!"
bÜ'
�* Ò because!1
�Ü7
­* Ò is the identity matrix;
clearly, the equality 
½?½
º!"
�Ü7
�* Ò holdsalsofor the casewhen 
 is the zeromatrix.
Summarizing,we concludethat the identity 3l?]3Æ!L3kÜ73;* Ò holdsin the involutory semi-
group Ai»J�,!1ª¿*�$ � $ Ü C . SettingQ�!13;*b� ? 3 Ü !13n3 Ü * Ò p � , we seethat Ai»J�,!1ª¿*�$ � $ Ü C satisfiesthe
identity 3N?�3RQ�!L3;*�3 , asrequiredby Proposition2.9.

Remark 3.4. It is known [49, Corollary 6.2] that the matrix semigroup Ai» � !1ª¿*�$ � C is
inherentlynonfinitely based(as a plain semigroup)for every finite field ª . Thus, the
involutory semigroupsAQ»J�,!"ª�*%$ � $<Ü C overfinite fields ª suchthat ² ¸�²dx±�t!³Ónyoz � * pro-
vide a naturalseriesof unarysemigroupswhoseequationalpropertiesessentiallydiffer
from theequationalpropertiesof their semigroupreducts.
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3.4 Matrix semigroupswith symplectictranspose

For a
� × �2� × -matrix .¥? > 
 ¾� �k?

with 
0$ ¾ $��Ý$�� being × � × -matricesoverany field ª , thesymplectictranspose.-µ is
definedby . µ ? > �ÎÜ Â ¾ ÜÂ��­Ü 
bÜX? $
see,e.g.,[45, (5.1.1)].The symplectictransposeis an involution of Ai»J�i·�!"ª�*%$ � C whose
propertiesessentiallydiffer from thoseof theusualtransposition.In fact,every involution
of thesemigroupAi» � !"ª�*%$ � C thatfixesthescalarmatricesis in a certainsensesimilar to
eithertheusualtranspositionor thesymplectictranspose4.

The definition of the symplectictransposeresemblesthat of the involution in the
twisted Brandtmonoid =¶< �� (definedin termsof

�5�¤�
-matrices)and leadsto the fol-

lowing application.

Theorem 3.12. Theinvolutorysemigroup u�»J�i·­!"ª�*%$ � $�µ v is inherentlynonfinitelybased
for each × ¼ð+ andeach finitefield ª]?�AQ¸ $�¹º$ � C .
Proof. Considerthefollowing setsof

� × �2� × -matrices:j ���a? ��·¸> Û · v�·Û · Û ·W?ml $ j �"�´? �¹·�> v%· Û ·Û · Û ·H?ml $j �I�a? �¹·�> Û · Û ·Û · v%·º?nl $ j ���[? �¹·¸> Û · Û ·v�· Û ·W?kl
wherefor any positive integer � , we denotebe v�� , respectively, Û � the identity, respec-
tively, zero � � � -matrix.Let

/�? q��r�|�� }ir�� j |~}a�T� Û �i·�$&v��i·���(
The set / is closedundermultiplication andsymplectictranspositionwhence u /b$ � $ µ v
formsaninvolutorysubsemigroupof u »J�i·�!"ª�*%$ � $ µ v . On theotherhand,themappingj |~}[D� ! � $���*%$Rv��i·lD� +-$ Û �i·lD� u
is a homomorphismof uS/b$ � $�µ v onto =¶< �� . Altogether, thetwistedBrandtmonoid =¶< �� is
ahomomorphicimageof aninvolutorysubsemigroupof u�»E�i·­!1ª¿*�$ � $ µ v .

4We do not want to formalize this phrasein generalbecauseits meaningactuallydependson some
intrinsicpropertiesof thefield » . In thesimplestcase,when » is algebraicallyclosedof characteristic¼F¾½ ,
the similarity takesthe strongestform: every involutory semigroupof the form ¿ÁÀÃÂ�ÄÁ»YÅ³Æ6ÇÈÆ$É�Ê suchthat É
fixesthescalarmatricesis isomorphicto either ¿sÀÃÂdÄË»�Å�Æ8ÇpÆ#Ì`Ê or ¿sÀÃÂdÄÁ»YÅ³Æ6ÇÈÆ#ÍAÊ (in thelattercaseÎ should
beeven).This is well known for involutionsthat respecttheadditionof matrices(see,e.g.,[44, Corollary
14.2]) but it easilyfollows from a classicresultby Khalezov [26] that every involution of the semigroup¿sÀ Â ÄË»�Å�Æ8Ç Ê automaticallypreservesaddition.
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Remark 3.5. It is easyto seethat the involutory semigroupAQ»E·�!"ª�*%$ � $<Ü C embedsintou�»J�i·�!"ª�*%$ � $�µ v via the mapping 
ÖD� > 
 Û ·Û · 
°? . Therefore,if × { + and ª is an

infinite field, then u�»J�i·�!"ª�*%$ � $�µ v satisfiesnonon-trivial involutoryidentityandis finitely
based(seeSubsection3.2). The

�5�h�
-matricesover an infinite field fulfill non-trivial

identitiesinvolving multiplication and the symplectictranspose,for instance,3n3Lµ
j ?j�3n3Lµ or 3n3LµE?m3Lµ
3 . In fact,we have verifiedthat thesetwo identitiestogetherwith the
associativity andtheinvolution laws !13:j�*8µº?`j`µf3Lµ , !L3Lµ�*6µ ?`3 form anidentitybasisforu »J��!1ª¿*�$ � $ µ v with ª infinite. (Theproof of this will bepublishedseparately.) Thus,the
involutorysemigroupu »J�i·�!"ª�*%$ � $ µ v is finitely basedif andonly if ª is aninfinite field.

3.5 Booleanmatrices

Recallthata Booleanmatrix is a matrix with entriesu and + only. Themultiplicationof
suchmatricesis asusual,exceptthatadditionandmultiplicationof theentriesis defined
as: � ¹ÏSæ? Ó�Ô�Õ:� � $�S)� and � � SK? Óm�s�7� � $�S)� . Let ¾ � denotethe set of all Boolean� � � -matrices.It is well known thatthesemigroupA ¾ � $ � C is essentiallythesameasthe
semigroupof all binaryrelationson an � -elementsetsubjectto theusualcompositionof
binaryrelations.TheoperationÜ of forming thematrix transposethencorrespondsto the
operationof forming thedualbinaryrelation.

Theorem 3.13. Theinvolutorysemigroup < � ?�A ¾ � $ � $ Ü C of all Boolean� � � -matrices
endowedwith transpositionis inherentlynonfinitelybased.

Proof. ConsidertheBooleanmatrices¾ ���Z? > u ++ +�? $ ¾ �"�[? > + u+ +�? $ ¾ �I�Z? > + +u +�? $ ¾ ���[? > + ++ u@? $Û ? > + ++ + ? $Ívº? > + uu + ? (
Theset

Ù ?ñ� ¾ ����$ ¾ �"��$ ¾ �I��$ ¾ ����$ Û $&vn� is closedundermultiplicationandtransposition
whence¡ ?ÞA Ù $ � $ Ü C is an involutory subsemigroupof <Ý� . The mapping ==< �� � ¡
givenby ! � $���*aD� ¾ |~}�$au@D� Û $W+ÏD� v
is anisomorphismof involutorysemigroups.By Corollary2.7 ¡ is inherentlynonfinitely
basedwhenceso is <­� . Since <­� canbe embeddedasan involutory semigroupinto < �
for each� , theresultfollows.

Remark 3.6. Our proof of Theorem3.13alsoappliesto someimportantinvolutory sub-
semigroupsof < � . In orderto introduceaninterestinginstance,recallthatBoolean� � � -
matricesare in a 1-1 correspondencewith bipartitedirectedgraphswhosepartsareof
size � : thebipartitegraphof a matrix 
±?µ! � |�}�* hastherow setandthecolumnsetof 

asits partsandhasanedgefrom the

� ò�ó row to the �fò�ó columnif andonly if � |�}0?Ã+ . If
thegraphof 
 admitsa perfectmatching(i.e. a setof edgessothatevery vertex is inci-
dentto preciselyoneof them), 
 is saidto bea Hall matrix (thenamesuggestedin [27]
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is, of course,inspiredby Hall’s marriagetheorem).It is easyto seethat the collectionj ¾ � of all Hall � � � -matricesis closedundermultiplicationandtransposition.Sinceall
thematrices¾ ���%$ ¾ �"��$ ¾ �I�%$ ¾ ����$ Û $&v from theabove proof areHall matrices,we readily
concludethattheinvolutory semigroupA j ¾ � $ � $<Ü C is inherentlynonfinitelybased.

Remark 3.7. We canunify Theorem3.13andsomeresultsin Subsection3.3by consid-
eringmatricesoversemirings. A semiringis analgebraicstructure

§ ?^A#Ð´$�¹º$ � C of type! � $ � * suchthat A#Ð´$�¹ C is a commutativesemigroup,A#Ð´$ � C is a semigroupandmultiplica-
tion distributesover addition.Fromtheproofsof Theorems3.9 and3.13we seethat the
involutorymatrix semigroupAi» � ! § *%$ � $<Ü C overafinite semiringis inherentlynonfinitely
basedwhenever thesemiring

§
hasa zero0 (that is, a neutralelementfor A#Ð´$�¹ C which

is at thesametimeanabsorbingelementfor A\Ðb$ � C ) andsatisfiesoneof thefollowing two
conditions:

1. thereexist (notnecessarilydistinct)elements�-$I3��?�u suchthat � � ?G� , ��3F?�37��?3 , �W¹Ë3 � ?�u ;
2. thereexistsanelement���?�u suchthat � � ?���?��Á¹¤� .

We have alreadymetaninfinite seriesof semiringssatisfying(1): it consistsof thefinite
fields ªy?ñAQ¸ $�¹º$ � C with ²�¸�²H�x �E!�Ónyez � * . It shouldbenotedthatsemiringssatisfying
(2) areevenmoreplentiful: for example,finite distributive latticesaswell asthe power
semiringsof finite semigroups(with thesubsetunionasadditionandthesubsetproduct
asmultiplication)fall in this class.

A Booleanmatrix 
 ? ! � |~}�* is said to be upper triangular if � |~}l? u whenever� {O� . Let ¾ / � standfor the setof all Booleanuppertriangular � � � -matrices.The
semigroupsA ¾ / � $ � C play an importantrole in the theoryof formal languages,see[43];
their identitieshave beenstudiedby the third authorandGoldberg in [56]. Observe that
this semigroupadmitsquite a naturalunaryoperation:the reflectionwith respectto the
secondarydiagonal(thediagonalfrom thetop right to thebottomleft corner).Wedenote
by 
�Ñ the result of applying this operationto the matrix 
 . It is easyto seethat the
operation
]D� 
 Ñ is in factan involution; this follows, for instance,from the fact that
 Ñ ?ÓÒq
bÜ�Ò where Ò is the Booleanmatrix with 1s in the secondarydiagonaland0s
elsewhere.

Theorem 3.14. For each integer �¤¼U� , the involutorysemigroup <°= � ?ÃA ¾ / � $ � $ ÑRC of
all Booleanuppertriangular � � � -matricesendowedwith thereflectionwith respectto
thesecondarydiagonalis inherentlynonfinitelybased.

Proof. Considerthe involutory submonoid¡ in <Á= � generatedby the following two
Booleanmatrices:

.¥?
¦ØØØØØ§ + u ()()( u uu u ()()( u u

...
...

. . .
...

...u u ()()( u uu u ()()( u +

¨ ßßßßß© and Ô�?
¦ØØØØØ§ + + ()()( + uu u ()()( u +

...
...

. . .
...

...u u ()()( u +u u ()()( u +

¨ ßßßßß© (
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Clearly, for eachmatrix !"×¿|�}�* in thissubmonoidonehas×5���a?G× ��� ?U+ , whencetheset
of all matrices!1×¿|~}�* suchthat ×5� � ?�+ formsanideal in ¡ . We denotethis idealby Õ .
A straightforward calculationshows that,besides. , Ô , andthe identity matrix v , only
thetwo matrices

.IÔ�?
¦ØØØØØ§ + + ()()( + uu u ()()( u u

...
...

. . .
...

...u u ()()( u uu u ()()( u +

¨�ßßßßß© and Ô@.¥?
¦ØØØØØ§ + u ()()(Þu uu u ()()(Þu +

...
...

. . .
...

...u u ()()(Þu +u u ()()(Þu +

¨�ßßßßß©
belongto ¡ ôWÕ . Thisallowsoneto organizethefollowing bijectionbetween¡ ôWÕ and
thesetof non-zeromatricesin =LK �� :vtD� ! � ¢¢ � *'$ .¥D� ! � ¢� ¢ *'$ ÔUD� ! ¢ �¢R¢ *;$ .-Ô±D� ! ¢ �¢ � *'$ ÔÝ. D� ! � ¢¢Æ¢ *'(
Oneeasilychecksthatextendingthis bijection to ¡ by sendingall elementsfrom Õ to! ¢R¢¢R¢ * yields an involutory semigrouphomomorphismfrom ¡ onto =LK �� . Thus, =MK �� as
a homomorphicimageof an involutory subsemigroupin <°= � belongsto the involutory
semigroupvariety generatedby <Á= � . Corollary 2.8 implies that <Á= � is inherentlynon-
finitely based.

Remark 3.8. In [56] it wasshown that thesemigroupA ¾ / � $ � C is inherentlynonfinitely
basedfor �T¼ � . However, theconstructionusedtheredoesnotimply thesamefactfor the
involutorycase.Ourproofof Theorem3.14followsadifferentconstructionsuggestedfor
theplainsemigroupcaseby Li andLuo [32]. Li andLuo havealsoverifiedthatthesemi-
group A ¾ /'��$ � C is finitely based.Wedonotknow whetheror not theinvolutorysemigroup<Á=H� is finitely based.

Other interestinginvolutory semigroupsof Booleanmatricesinclude the semigroup<W� � ? A ¾ Ä � $ � $<Ü C of all Boolean � � � -matriceswith 1s on the main diagonal(such
matricescorrespondto reflexive binaryrelations)andthesemigroup<ZÌ � ?ñA ¾nÖ � $ � $�Ñ C
of all Booleanuppertriangular � � � -matriceswith 1son themaindiagonal.(Theunary
operationis theusualtransposein the formercaseandthereflectionwith respectto the
secondarydiagonalin thelatterone.)Ourpresentmethodsdonotyetsufficeto handlethe
finite basisproblemfor theseunarysemigroupssowe just formulate

Problem3.3. Are theinvolutorysemigroups<W� � and <°Ì � finitely basedfor �2¼`� ?
Theinvolutorysemigroups<W��� and <ZÌÏ� areeasilyseento befinitely based.Thefinite

basisproblemfor theplainsemigroupsA ¾ Ä � $ � C and A ¾nÖ � $ � C hasbeensolvedby thethird
author[55].
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